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I. Introduction 

The idea of categorification dates back to I. B. Frenkel. He proposed that one can 
construct a tensor category whose Grothendieck group is isomorphic to the quantum 
group U q {s\2) (see, for example, [5, 7]). Since then, a construction of a tensor category 
or a 2-category whose Grothendieck group possesses a given algebraic structure has 
been referred to as categorification. 

One of the most prominent examples of categorification is the Lascoux-Leclerc- 
Thibon-Ariki theory, which clarifies the mysterious connection between the represen- 
tation theory of quantum affine algebras of type A^_j_ and the modular representation 
theory of Hecke algebras at roots of unity. In [25], Misra and Miwa constructed an 
integrable representation of the quantum affine algebra U q (sl n ), called the Fock space 
representation, on the space spanned by colored Young diagrams. They also showed 
that the affine crystal consisting of n-reduced colored Young diagrams is isomorphic 
to the highest weight crystal B(A ). In [23], using the Misra-Miwa construction, Las- 
coux, Leclerc and Thibon discovered an algorithm of computing Kashiwara's lower 
global basis (=Lusztig's canonical basis) elements corresponding to n-reduced Young 
diagrams and conjectured that the transition matrices evaluated at 1 coincide with 
the composition multiplicities of simple modules inside Specht modules over Hecke 
algebras. 

The Lascoux-Leclerc-Thibon conjecture was proved by Ariki in a more general form 
[1]. Combining the geometric method of Kazhdan-Lusztig and Ginzburg with combi- 
natorics of Young diagrams and Young tableaux, Ariki proved that the Grothendieck 
group of the category of finitely generated projective modules over cyclotomic Hecke 
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algebras give a categorification of integrable highest weight modules over affine Kac- 
Moody algebras of type A^]_ x . Moreover, he showed that the Kashiwara-Lusztig global 
basis is mapped onto the isomorphism classes of projective indecomposable modules, 
from which the Lascoux-Leclerc-Thibon conjecture follows. Actually, he proved the 
conjecture in a more general form because his categorification theorem holds for high- 
est weight modules of arbitrary level. 

Next problem is to prove a quantum version or a graded version of Ariki's categori- 
fication theorem. The key to this problem was discovered by Khovanov-Lauda and 
Rouquier. In [20, 21, 26], Khovanov-Lauda and Rouquier independently introduced a 
new family of graded algebras, called the Khovanov-Lauda- Rouquier algebras or quiver 
Hecke algebras, and proved that the quiver Hecke algebras provide a categorification of 
the negative half of quantum groups associated with all symmetrizable Cartan data. 
Furthermore, Khovanov and Lauda conjectured that the cyclotomic quiver Hecke alge- 
bras give a graded version of Ariki's categorification theorem in much more generality. 
That is, the cyclotomic quiver Hecke algebras should give a categorification of inte- 
grable highest weight modules over all symmetrizable quantum Kac-Moody algebras. 
This conjecture was proved by Kang and Kashiwara [10]. Their proof was based on: 
(i) a detailed analysis of the structure of quiver Hecke algebras and their cyclotomic 
quotients, (ii) the proof of exactness of restriction and induction functors, (iii) the ex- 
istence of natural isomorphisms, which is one of the axioms for the categorification 
developed by Chuang and Rouquier [4]. 

On the other hand, in [3], Brundan and Kleshchev showed that, when the defining 
parameter is a primitive (21 + l)-th root of unity, the representation theory of some 
blocks of affine Hecke- Clifford superalgebras and their cyclotomic quotients is controlled 
by the representation theory of quantum affine algebras of type A 2l at the crystal level. 
In [27], Tsuchioka proved a similar statement for the affine and cyclotomic Hecke- 
Clifford superalgebras with the defining parameter at 2(1 + l)-th root of unity and the 
quantum affine algebras of type D\^ v On the other hand, in [28], Wang introduced spin 
affine Hecke algebras (resp. cyclotomic spin Hecke algebras) and showed that they are 
Morita superequivalent to affine Hecke-Clifford superalgebras (resp. cyclotomic Hecke- 
Clifford superalgebras). 

In [12], motivated by the works of Brundan-Kleshchev [3], Kang, Kashiwara and 
Tsuchioka introduced a new family of graded superalgebras, called the quiver Hecke 
superalgebras, which is a super version of Khovanov-Lauda-Rouquier algebras. They 
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also defined the notion of quiver Hecke- Clifford superalgebras and showed that these 
superalgebras are weakly Morita superequivalent to the corresponding quiver Hecke 
superalgebras. Moreover, they showed that, after some completion, quiver Hecke- 
Clifford superalgebras are isomorphic to affine Hecke-Clifford superalgebras. 

Now the natural question arises: What do these superalgebras categorify? The pur- 
pose of this paper is to provide answers to this question. We will show that the 
quiver Hecke superalgebras and their cyclotomic quotients give a supercategorification 
of quantum Kac- Moody algebras and their integrable highest weight modules. (In [6], 
Ellis, Khovanov and Lauda dealt with the case when / = {i}.) 

Recall that a supercategory is a category with an endofunctor n and a natural iso- 
morphism £ : n 2 — > id such that (on = Ilo(. Thus a supercategorification means a 
construction of a supercategory whose Grothendieck group possesses a given algebraic 
structure. 

To explain our main results more precisely, we fix some notations and conventions. 
Let A = A © A\ be a superalgebra and let 4>a be the involution defined by 4>a (a) = 
(— l) e a for a G A e with e = 0, 1. We denote by Mod(A) the category of left A-modules, 
which becomes a supercategory with the functor n induced by <pA- On the other 
hand, we denote by Mod super (A) the category of left A-supermodules M = M © M 1 
with Z 2 -degree preserving homomorphisms as morphisms. The category Mod super (A) 
is endowed with a structure of supercategory given by the parity shift functor n. 

For each n > 0, let R(n) be the quiver Heck superalgebra over a base field k generated 
by e[y){v G I n ), Xk (1 < k < n), t\ (1 < I < n) with the defining relations given in 
Definition 4.1. Set R{fi) = e(j3)R(n), where (3 G Q + , e(/3) = J2uei? e ( u )- For a 
dominant integral weight A, let R A ((3) denote the cyclotomic quiver Hecke superalgebra 
at (3 (see Definition 7.1). Let Mod(i?(/3)) (resp. Proj(i?(/3))) be the category of Z-graded 
(resp. finitely generated projective) left R(f3)-modu\es. We also denote by Rep(i?(/3)) 
the category of Z-graded i?(/3)-modules that are finite-dimensional over k. We define 
the categories Mod(i? A (/3)), Proj(i? A (/3)) and Rep(i? A (/3)) in a similar manner. 

On the other hand, let U q (o) be the quantum Kac- Moody algebra associated with a 
symmetrizable Cartan datum and let U^(q) be the A- form of the negative half of U q (g) 
with A = 1i[q, q^ 1 }. For a dominant integral weight A, we denote by V(A) the integrable 
highest weight module generated by the highest weight vector v\ with weight A. We 
also denote by V A (A) the A-form U^(g)v\ of V(A) and by Va(A) v its dual A-form. 
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Our goal in this paper is to prove the following isomorphisms 
(1-1) V A (A) ^ [Proj(i? A )], V A (A) V [Rep(i? A )], 

(1.2) f/-( S ) pProj(fl)], f/l(0) v ^> proj(fl)], 

where 

Proj(i? A ) = Proj( J R A (/3)), Rep(i? A ) = Rep(i? A (/3)), 

/3eq+ /3gq+ 

Proj( J R) = Proj Rep( J R) = Proj (/*(/?)), 
/3eq+ /3eq+ 

and [ • ] denotes the Grothendieck group. 

For this purpose, we define the ^-restriction and the z-induction superfunctors (i G 7) 

E A : Mod(72 A (/3 + a,)) — ► Mod{R A {(3)), 

if : Mod(72 A (/3)) — > Mod(i? A (/3 + a;)) 

by 

£ A (iV) = e(/3,i)N = e((3,t)R A ((3 + a t ) ® rHp+ch) N, 
F A {M) = R A (f3 + a t )e((3, z) ® r a w M, 

where M G Mod(i? A (/3)) and N G Mod(R A (f3 + (*)). 

The first main result of this paper shows that the functors E A and F A are exact 
and hence they induce well-defined operators on [Proj(72 A )] and [Rep(72 A )]. To prove 
this, we take a detailed analysis of the structure of R(/3) and R A ((3), and show that 
R A ((3 + ttj)e(/3,z) is a projective right i? A (/3)-supermodule (Theorem 8.7). 

Next, we prove a super version of s^-categorification. That is, for A = A — f3, we 
show that there exist natural isomorphisms given below (Theorem 9.6): 

(i) if {hi, A) > 0, then we have 

n^- 2 7f7? A ffi W^T^Tf, 

fc=0 



(ii) if {hi, A) < 0, then we have 

-<ft<,A)-l 



n iq fF A E A ^E A F A ® nf +1 - 2fc - 2 



fe=0 

where IT = id if i is even and IT = II if i is odd. 

We then show that the endomorphisms induced on [Proj(i? A )] and [Rep(i? A )] by the 
parity shift functor II coincide with the identity. Therefore the above isomorphisms 
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(i) and (ii) of functors show that [Proj(i? A )] and [Rep(i? A )] have a structure of U&(g)- 
module. 

Next, we show that the simple objects of Rep(i? A ) form a basis of [Rep(i? A )], which 
shares a particular property of strong perfect bases introduced by Berenstein-Kazhdan 
([2]). By the general theory of strong perfect bases, we conclude that [Rep(i? A )] is 
isomorphic to V&(A) V . Then by duality, [Proj(i? A )] is isomorphic to V&(A). Finally, 
by taking the projective limit with respect to A, we conclude that there exist natural 
isomorphisms in (1.2) (Theorem 10.2, Corollary 10.3). 

In principle, this paper follows the outline of [10]. However, our argument is sub- 
stantially different from the one in [10] in the following sense: 

(i) Our supercategorification theorem would give various applications. For instance, 
we can generalize the Brundan-Kleshchev categorification theorem ([3]) in the 
level of crystal to the quantum level. 

(ii) We make use of the strong perfect basis theory to characterize the A-forms of 
V(A) and obtain a supercategorification of V(A). 

(iii) By taking a projective limit, we obtain a categorification of U~(q), which is 
opposite to the usual approach. 

(iv) Since we deal with skew polynomials rather than polynomials, the calculation 
involved are much more subtle and complicated. 

Note that any simple object M of Rep(i? A ) is self-associate, i.e., I1M ~ M. Hence 
the parity functor n induces the identity on the Grothendieck group [Rep(i? A )]. On 
the other hand, any simple object of the category Rep r (i? A ) of finite-dimensional 
_R A -supermodules is never self-associate. Hence, n induces a non-trivial action on the 
Grothendieck group [Rep s r (i? A )], and 

[Rep supcr (R A )} 



[Rep(i? A )] 



(n-l)[Rep super (i? A )]- 

The study of Rep super (-R A ) will be carried out in a forthcoming paper. Note that in [9], 
Hill and Wang studied the categories of supermodules over quiver Hecke superalgebras 
under an additional condition on the Cartan datum. 



This paper is organized as follows. In the following two sections, we recall some of 
the basic properties of quantum Kac-Moody algebras, integrable highest weight mod- 
ules and supercategories. In Section 4, we take a detailed analysis of the structure of 
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quiver Hecke superalgebras. In Section 5, we prove the existence of natural isomor- 
phisms and short exact sequences which are necessary in proving our main results. In 
Section 6, we show that the Grothendieck group [Rep(i?)] has a strong perfect basis. In 
Section 7 and 8, we prove that the superfunctors and are exact and they send 
projectives to projectives. In Section 9, we prove that and F^ satisfy certain com- 
mutation relations, which is a super version of sl2-categorification. In the final section, 
we conclude that the quiver Hecke superalgebras and their cyclotomic quotients pro- 
vide supercategorification of quantum Kac-Moody algebras and their integrable highest 
weight modules. 

2. Quantum Kac-Moody algebras 

Let / be an index set. An integral square matrix A = (a^)^/ is called a Cartan 
matrix if it satisfies 

(i) an = 2, (ii) < for i ^ j, (iii) = if = 0. 

In this paper, we assume that A is symmetrizable; i.e., there is a diagonal matrix 
D = diag(sj G Z>o | % G I) such that DA is symmetric. 
A Cartan datum (A, P, II, II V ) consists of 

(1) a Cartan matrix A, 

(2) a free abelian group P, called the weight lattice, 

(3) II = {«j G P | i G /}, called the set of simple roots, 

(4) II V = {hi | i G /} C P v := Hom(P, Z), called the set of simple coroots, 

satisfying the following conditions: 

(a) (hi, ctj) = Oij for all i, j G /, 

(b) II is linearly independent. 

The weight lattice P has a symmetric bilinear pairing ( | ) satisfying 

(aj|A) = Si(hi, A) for all A G P. 

Therefore, we have ( We set P+ := {A G P | (h h A) G Z> , for all % G /}, 

which is called the set of dominant integral weights. The free abelian group Q : = 
® ie/ Zaj is called the root lattice. Set Q + = ^j e/ Z> aj. For (3 = J2^i a i e Q + > 
|/3 1 := ki * s called the height of f3. 
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For an indeterminate q, set qt = q Si and define the g-integers 

[mU 



Qi ~ Qi 



\n\i = 7f, [n\i\ 



k=l 



[m - n\i\[n\i\ 



Definition 2.1. The quantum Kac-Moody algebra U q (g) associated with a Cartan 
datum (A,P, IT,IT V ) is the associative algebra over Q(q) with 1 generated by e^, fi 
(i G /) and q h (h G P v ) subject to the following defining relations: 

(Qf ) q° = 1, q h q h ' = q h+h ' for h, /i'eP v , 

(Q2) q h tiq~ h = q^'^d, q h fiq~ h = q~ {h ' at) fi for h G P v , i G /, 

K — K~ x 

(Q3) ejj - fjei = 6 id 1 _\ where K { = q\\ 

(Q4) E\-i)M 1_a ^ r M r) = E (-i)7f- a ^ M w = oif^i, 

r=0 r=0 

where ef ) := yg-r and /f 5 := -fy- for fc G Z> . 

Let {7<^(fl) (resp. U+(g)) be the Q(g)-subalgebra of U q (g) generated by /j's (resp. 
e»'s) and let £/q(0) be the Q(g)-subalgebra of U q (g) generated by q h (h G P v ). Then 
we have the triangular decomposition 

U q (g)~U g -(g)^U q (g)°®U+(g), 

and the root space decomposition 

UM = U q (g) a where U q (g) a := {a: G U q (g) \ q h xq~ h = q {h ' a) x for any h G P v }. 

Let A = Z[q, q^ 1 ] and denote by U A (g)~ (resp. £/a(0) + ) the A-subalgebra of U~(g) 

generated by (resp. e^) and denote by U^(g) the A-subalgebra generated by q h and 
1 — g fc g 

rifcLi ~^ ~ f° r an m e ^>o an d /i G P v . Let C/aGj) be the A-subalgebra generated 

by Ul(g), U£(g) and U^(g). Then £/&(5) a l so has the triangular decomposition 

U A (g)^U^(g)®U A (g)®U+(g). 

Fix i G 7. For any P G {7~(fj), there exist unique Q,Re U~(g) such that 



diP - Pd 



Vi - % 1 
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We define the endomorphisms e' t , e" : U~(g) — > U~(g) by 

e[(P)=R, e>>{P) = Q. 

Regarding as the endomorphism of U~(g) defined by the left multiplication by fa, 
we obtain the g-boson commutation relations: 

(2.1) <'J, 'I," J/' ■ <V r 

Definition 2.2 ([16]). The quantum boson algebra B q (g) associated with a Cartan 
matrix A is the associative algebra over Q(q) generated by e-, fi (i G /) satisfying the 
following defining relations : 

(i) <i, ""/,<', • 



1— a,; 



(2) E(-i; 

r=0 



1 — a. 



IJ 



11— an —r 



I Ir 



£ 

r=0 



1 - a,: 



f! " ' '1,1: (' if i :' ./• 



Lemma 2.3 ([16, Lemma 3.4.7, Corollary 3.4.9]). 

(a) If x £ U~(g) and e\x = for all i G /, then x is a constant multiple of 1. 

(b) U~(g) is a simple B q (g) -module. 



The Q(g)-vector space U q (g) has a unique non-degenerate symmetric bilinear form 
( , ) satisfying the following properties ([16, Proposition 3.4.4]): 

(1, 1) = 1, (e[u, v) = (u, fiv) for i £ I and u, v G U~(g). 

The dual of (g) is defined to be 

^(fl) V := {v e U-(g) | (u,v) G A for all u G C^( fl )}. 

Definition 2.4. We denote by O m t the abelian category consisting of C/ 9 (fl)-modules 
V satisfying the following conditions: 

(1) V has a weight decomposition with finite-dimensional weight spaces; i.e., 

V := ^ with dim < oo, 

where := {u G V | g^u = for all h G P v } , 

(2) there are finitely many Ai, . . . , X s G P such that 



wt 



(V) := {/i G P | V„ ^ 0} C |J(Ai - Q- 
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(3) for any i G J, the action of fi on V is locally nilpotent. 

For each A £ P + , let V(A) denote the irreducible highest weight [/g(fj)-module with 
highest weight A. It is generated by a unique highest weight vector v\ with the defining 
relations: 

q h VA = q^v A , e iVA = 0, if " A>+ V = for all /i £ P v and i £ /. 

It is known that the category 0- mt is semisimple and that all the irreducible objects are 
isomorphic to V(A) for some A £ P + . (See, for example, [8, Theorem 3.5.4].) 

There exists a unique non-degenerate symmetric bilinear form ( , ) on V(A) (A £ P + ) 
satisfying 

(v\, v\) = 1, (ejM, v) = (u, fiv) for any u, v £ V(A) and % £ I. 

For a ^7q(fl)-module M, an A- form of M is a £/A(0)-submodule M& such that M = 
Q{q) ®a M A and the weight space (Ma) a := M A D M A is finitely generated over A for 
any A £ P. We define an A-form Va(A) of V(A) by 

^a(A) = U a (q)v a . 

The dual of Va(A) is defined to be 

V A (\y = {v £ V(A) I (u,v) £ A for all u £ 14(A)}. 

Then Va(A) v is also an A-form of V(A). 

Now, we will give the definition of perfect bases and strong perfect bases, and prove 
their basic properties. These properties will play a crucial role in proving our main 
result (Theorem 10.2). 

Let V = ® AeP V\ be a P-graded Q(g)-vector space. We assume that there are 
finitely many Ai, . . . , X s £ P such that 

s 

wt(V) := {fi £ P | ± 0} C |J(A t - Q + ). 

i=l 

Furthermore, assume that ej (i £ J) acts on V in such a way that e.J/\ C V\ +ai . For 
any v £ V and % £ /, we define 

£j(i>) := min{n £ Z> | e" +1 t> = 0}. 
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If v = 0, then we will use the convention £j(0) = — oo. One can easily check that, for 
k G Z> , 

V< k :={veV\ Si{v) <k}= Ker e\. 

Definition 2.5 ([2, 13]). 

(i) A Q(g)-basis B of V is called a perfect basis if 

(a) ^ = L_Uwt(V) where B » -= Br] V ^ 

(b) for any b G 5 and i & I with ej(6) 7^ 0, there exists a unique element 
ei(b) G -B such that 

db - a(b) ei(6) G ^ <ei(6)-1 for some Ci (fe) G Q(g) x , 

(c) if b,b' e B and i G / satisfy £*(&) = > and ej(fo) = e^fo'), then 6 = 6'. 

(ii) We say that a perfect basis is strong if c,(6) = [£i(&)]i for any b G B and i e I; 
i.e., 

(2.2) e . 6 _[ e .( 6 )].e i ( 6 ) G ^( 6 )- 1 . 

For a perfect basis S, we set ij(fo) = if efi = 0. We can easily see that for a perfect 
basis B 

(2.3) V< k = Q(g)6. 

6e-B,£i(b)<fc 

Example 2.6 ([16, 17]). Recall that the C/ g (fl)-module V^(A) has the upper global basis 

G V (A) :={G V (6) I 6 G 5(A)}, 

which is parametrized by the crystal basis B(A) of V(A). 

Then G V (A) is a strong perfect basis of V(A). Moreover, the upper global basis 
G V (A) is an A-basis of ^ A (A) V . 

For any sequence i = (ii, . . . ,i m ) G I m (m > 1), we inductively define a binary 
relation ^ on V \ {0} as follows: 

if i = (i), v^v't* £i(v) < £i(v'), 

{Si{v) < Si(v') 
or 
£,(«) = ei(t/), e^V) ^ e^V)- 

We write 
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• v =i v' if v v' and v' -<\ v, 

• v ' <\ v if v' -<\ v and v ^\ v' . 
We can easily verify: 

(1) for all v G V \ {0}, V^ lV := {0} \JW e V \ {0} | u' forms a Q(g)-linear 

subspace of V; indeed, we have 



V 



luEV \e e r--- ef> = 0, e J 1+4 ef fe " 1 • • • ef> = for 1 < k < m) 



where w = v,£ k = e ik (v k _i) and w fc = e-^ fc _i (1 < k < m). 



(2) if v v', then 

v + v' =i 
For i and w G V \ {0}, we set 



v if u' -<i w , 
v' if u -<i v'. 



e .*p( v ) := ef i(u) V 



We can easily see the following: 

(2.4) If B is strong perfect, then ei top (6) = e- l(b) 6 for any 6 G 5. 

For each i = {i u . . . , i m ) G I m , define a map ei top : V \ {0} V \ {0} by 



top . = top q _ _ _ q top 



Then ei top 5 C Q(q) x B. If £? is strong perfect, then we have ei top B C 

Let :={t; G V = for all i G /} be the space of highest weight vectors in V 
and let B H = V H D -B be the set of highest weight vectors in Z?. Then, (2.3) implies 
that 

V H = © Q(#. 

In [2], Berenstein and Kazhdan proved the following version of uniqueness theorem 
for perfect bases. 

Theorem 2.7 ([2]). Let B and B' be perfect bases ofV such that B H = {B') H ■ Then 
there exist a map if; : B B' and a map £ : B — >■ Q(q) x such that ip(b) — £ (b)b G V^ ib 
holds for any b G B and any i = (zi, . . . , i m ) satisfying e- op (6) G Moreover, such 
ijj and £ are unique and ip commutes with Sj and e$ (i £ /). 
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From the axioms of strong perfect basis and Theorem 2.7, one can easily prove the 
following corollary. 

Corollary 2.8. Let B and B' be strong perfect bases of V such that B H = (B') H . 
Then the map £ : B — > Q(q) x given in Theorem 2.7 is a trivial map; i.e., 

ip(b) -be V <ib for all be B. 

Lemma 2.9. Let B be a strong perfect basis ofV. 

(i) For any finite subset S of B, there exists a finite sequence i = (ii, . . . , i m ) of I 
such that e;° p (6) G B H for any b e S . 

(ii) Let b e B H and let i = (ii,...,i m ) be a finite sequence in I. Then S := 
[b e B \ e;° p (6) = &o} is linearly ordered by ^i. 

Proof, (i) is almost evident. In order to see (ii), it is enough to show that if b,b' e S 
satisfy b =i b', then b = b'. If we set vq — b, £k — £i k {vk-i) and Vk = ef^v^-i 
(1 < k < m), then v m = b . Similarly, if we set v' = b 1 , £ k = ei k (v' k _ 1 ) and v' k = e i * v' k _ x 
(1 < k < m), then i' k = ik and v' m = b . Thus we have Vk = e^Vk-i and v k = e i *^_ 1 . 
Hence Definition 2.5 (i) (c) shows that v' k = Vk for all k. □ 

The following proposition gives a characterization of V&(A) V by using strong perfect 
bases. 

Proposition 2.10. Let M be a U q (o)-module in O int such that wt(M) C A — Q + . Let 
Ma be an A-submodule of M. Assume that Ma C M&, (Ma)a = Ava and M has a 
strong perfect basis B C Ma such that B H = {v\}. Then we have 

(a) M A ~ V A (A) V , 

(b) B is an A-basis of M A . 

Proof. Since M has only one highest weight vector v\, M is isomorphic to V(A). 
Since (Ma) a = Ava and 

v m v - /,* <zV(K\ I e t l) --- e t l)u e A ^a for all (*!,■•• ,iM 
Va{A) x - <u e V{A)x\ I /, f, 

such that 2^fc=i a k&i k + A = A J 

it is obvious that Ma C Va(A) v . 

Conversely, for u e Va(A) v , write u = J2beB with Q, e Q(q). Let us show q, G A 
for any A G P and b G B\. We take i = (ii, . . . , i m ) such that e. op 6 = v a for any b G B\. 
We shall show q, G A by the descending induction with respect to the linear order -<i. 
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By the induction hypothesis, we may assume that Cy G A for any b' G B such that 
b -<i b'. 

Then setting v = b, = e ifc (t;^_i) and = ef (1 < k < m), we have 

e t n) ■ ■ ■ e h )u = c ^a + E c b' e it ] ■ ■ ■ e h )b ' e ^a(A) v - Hence we obtain c b G A. □ 

b^ib' 

3. SUPERCATEGORIES AND SUPERBIMODULES 

In this section, we briefly review the notion of supercategory, superfunctor, super- 
bimodule and their basic properties. (See [12, Section 2] for more details.) 

3.1. Supercategories. 
Definition 3.1. 

(i) A supercategory is a category ^ equipped with an endofunctor HV of ^ and an 
isomorphism — > id^ such that £y o LV = HV o £g> e Hom(IT|>, Hg>). 

(ii) For a pair of supercategories (^, II, £) and (^", II', £'), a superfunctor from (^, IT, £) 
to ( < jf / ,II / ,£ / ) is a pair (F, a^) of a functor F: — > ^ and an isomorphism 
cci? : F o II — )■ II' o F such that the diagram 

o apoll , Il'oQp 

(3.i) Fon 2 ^ n'ofon -n ,2 of 

Fog g'oF 



commutes. If F is an equivalence of categories, we say that (F, of) is an equiva- 
lence of supercategories. 
(iii) Let (F, ap) and {F',atpi) be superfunctors from a supercategory II, £) to 
( < ^ ,/ , IT, £'). A morphism from (F,ap) to (F',ap>) is a morphism of functors 
ip: F -»■ F' such that 

Foil — ^ F' o n 



n'ow 

n' o f n' o f' 



commutes. 



In this paper, a supercategory is assumed to be an additive category. 
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For superfunctors F: ->■ and F' : ->■ the composition F' o F : ^ -y c €" 
becomes a superfunctor by taking the composition 

F'octp , a F ,oF 

F' o F o > F o U v > o F IIy« o F' o F 

as a_F'oF- 

The functors id<^ and IT are superfunctors by taking 0^ = idn : id^ o n —> II o id<# 
and an = —idn 2 : n o II — y H o II. iVoie t/ie sign. The morphism a^: F o II — y W o F 
is a morphism of superfunctors. 

3.2. Superalgebras. A superalgebra is a Z 2 -graded algebra. Let A = Aq © A\ be a 
superalgebra. We denote by the involution of A given by A (a) = (-l) p ^a for 
a6 A ( with e = 0, 1. We call 4>a the parity involution. 

The category of A-modules Mod(A) is naturally endowed with a structure of super- 
category. The functor II is induced by the parity involution <pA- Namely, for M G 
Mod(yl), IIM := {n(x) \ x E M} with tt(x) + tt(x') = n(x + x') and an(x) = n((j) A (a)x) 
for a G A The morphism £: II 2 — )■ id is given by 7r(7r(x)) i— > x. 

An A-supermodule is an A-module with a decomposition M = Mo © Mi such that 
A t M e , C M e+e , (e,e' G Z 2 ). 

Let Mod supcr (A) be the category of A-supermodules. The morphisms in this category 
are A-linear homomorphisms which preserve the Z 2 -grading. Then Mod super (y4) is also 
endowed with a structure of supercategory. The functor II is given by the parity change: 
namely, (IIM) e := {vr(x) | x G Mi_ e } (e = 0, 1) and an(x) = tt{^>a{o)x) for a G A and 
x G M. The isomorphism £m'- n 2 M — y M is given by 7r(7r(x)) t— y x (x G M). Then 
there is a canonical superfunctor Mod supe r(^4) — > Mod(v4). For an A-supermodule M, 
the parity involution <pM'- M — y M of M is defined by «/>m|m e = ( — l) e idM e - Then we 
have 4>m{ojx) = 0a(o)0m(^) for any a £ A and x G M. 

Let A and S be superalgebras. We define the multiplication on the tensor product 
A <g) B by 

(a x © 6i)(a 2 © 62) = (-l) e ' ie2 (aia 2 ) © (&i& 2 ) 

for aj G A £i , 6j G B E < (ei, e\ = 0, 1). Then A <g> £> is again a superalgebra. Note that we 
have y4®5 = i?®^4asa superalgebra by the supertwist map 

A®B^B®A, a® 6 1 — y(-l) ei£2 b®a (a e A £l , b E B £2 ). 
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If M and N are an A-module and an 5-module respectively, then M®N has a structure 
of A Cg> £>-module by 

(a <g> 6) (it g> v ) = (-l) ee '(aM) ® (to) 
for a G A, b G B £ , u G M £ >, v G N (e, e' = 0, 1). 



3.3. Superbimodules. Let A and B be superalgebras. An (A, B)-superbimodule is 
an (A, 5)-bimodule with a Z 2 -grading compatible with the left action of A and the 
right action of B. For an (A, £>)-superbimodule L, let Fl : Mod(5) — >■ Mod(A) be the 
functor iV H- L ®b N '. Then Fr, is a superfunctor, where 

op L : F L HN = L ® B UN -> UF L N = TI(L® B N) 

is given by s (g> n(x) h-> 7t(0l(s) <g) x) (s G L, x G iV). 

For an (A, 5)-superbimodule L, its parity twist UL is HX as a left A-module and 
its right £>-module structure is given by an(s)b = 7r(<pA( a ) s b) (s G L, a G A, b G -B). 
Then there exists a canonical isomorphism of superfunctors rj: Fjjl U o Fl- The 
isomorphism 7]^: (TIL) ®b N — > Tl(L ®b N) is given by n(s) <g> x t— > ir(s g) x). It is 
an isomorphism of superfunctors since one can easily check the commutativity of the 
following diagram: 



FjiloTI 



UoF nL 



rjoii 



no?? 



n o Fl o n n 



"(IIoFr) 



n o n o f l . 



oa Fj 



n o n o f l 

""Sn°-Fi=-idnonoF r 



by using 4>ul(^(s)) = -%(<I>l(s)). 



4. The quiver Hecke superalgebras 

In this section we recall the construction of quiver Hecke superalgebras and in- 
vestigate its basic properties. We take as a base ring a graded commutative ring 
nez> k"- We assume the following condition: 



(4.1) 



2 is invertible in k . 



SUPERCATEGORIFICATION OF QUANTUM KAC-MOODY ALGEBRAS 17 

4.1. Definition of quiver Hecke superalgebras. We assume that a decomposition 
/ = /even U -^odd is given. We say that a Cartan matrix A = (aij)ij e i is colored by / Q dd 
if 

Oij G 2Z for all i G J dd and j G /. 

From now on, we assume that A is colored by J dd- 
We define the parity function p: J — ^ {0, 1} by 

= 1 if i G /odd and p(z') = if i G J cvc „. 

Then we naturally extend the parity function on I n and Q + as follows: 



fc=i 

r r 

p(/3) := P(«fc) for /3 = G Q + . 



fc=i fc=i 
For i ^ j E I and r, s G Z> , we take t ij; ( r , s ) G k_ 2 (« i | % -)-'-(«i|«i)-s(a i | % -) such that 

ti,j;(—a,ij,0) G kg , tij;(r,s) t j ,i;(s ,r) ■> 

U,j;(r,s) = if % G /odd and r is odd. 

Let := k(w;, z) / (zu> — (— l) v ^ l ' p ^'wz) be the Z x Z 2 -graded k-algebra where it; and z 
have the Z x Z 2 -degree ((aj|aj), p(i)) and ((aj\aj), p(j)), respectively. Let Qjj be an 



element of T 3 ^ which is of the form 



(4.2) Qy («/,*) 



Er, se Z> U,j;{r,s)W r Z a if i ^ J, 

if i = j. 



Then Q i; j(w, z) is an even element and Q = {Qij)i,jei satisfies 
Qi,j(w, z) = Qj,i(z, w) for i,j G /, 

(4.3) 

Qi,j(w, z) = Qij(-w, z) for i G /odd and j G /. 

Definition 4.1 ([12]). The quiver Hecke superalgebra R(n) of degree n associated with 
the Cartan datum (A, P, II, Il v ) and (Qi,j)i,jei is the superalgebra over k generated by 
e[y) [y G I n ), (1 < k < n), r a (1 < a < n — 1) with the parity 

(4.4) p(e(i/)) = 0, p(x fc e(z/)) = p(i/ fc ), p(r tt e(i/)) = p(f a )p(fo+i) 

subject to the following defining relations: 
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(Rl) e(fi)e(u) = 5^ u e{y) for all fi, v G I n , and 1 = J2 ueIn e(u), 
(R2) x v x q e{y) = (-l)^)W ¥p e(i/) if p ^ g, 

(R3) x p e(^) = e{y)x p and r a e{y) = e(s a v)r a , where s a = (a, a + 1) is the transposition 

on the set of sequences, 
(R4) T a x v e{y) = (-l)pWp(".)p("»+i) ¥o e(i/), if p ^ a, a + 1, 
(R5) 

(r a x a+1 - (-l) p ^ p ^x a r a )e(^) = (x a+1 r a - (-l)^^r a x a )e(u) 
(R6) r a 2 e(z/) = Q„ 0l „ 0+1 (a;a, x a+ i)e(u), 

(R7) r a r fe e(z/) = (_i)pK)pK+i)pK)pK + i) T6Tae ( i/ ) jf \ a - b\ > 1, 
(R8) 

(r a +ir a r a+ i - r a r a+1 T a )e(u) 

' Qu a ,v a+1 (x a +2, X a +l) — Qu a ,u a+1 (x a , X a+ \) 
e\V) II V a — U a+2 t Jeven, 

(-l)P("»+0( Ia+2 _ Xa) Q^ + ^a+2,X a+l ) - Q„ a , Ua+1 (Xa,X a+1 ) 

x a+2 A a 

if = V a+ 2 G ioddj 

otherwise . 

The Z-grading on R(n) is given by: 

(4.5) deg z (e(i/)) = 0, deg z (x fc e(z/)) = (o^KJ, deg z (r a e(z/)) = -(a Va \a„ a+1 ). 



We understand -R(O) ~ k, and R(l) is isomorphic to k J [xi] where k 7 = @ ig/ ke(i) 
is the direct sum of the copies ke(z') of the algebra k. 
For v — (r/i, . . . , v n ) G I n and 1 < m < n, we set 

(4.6) i/ <m := (vi, ... ,i/ m _i) and z/ >m := {v m+1 , . . . , v n ). 

For a, b G {1, . . . , n} with a 7^ b, we define the elements of i?(n) by 

^ e(i/) and e a , b = e^ 6 + e° a d b . 



(4-7) e£ = £ 

vei n , 

Va — € /eve 11 



fa = fi)£^odd 



For any u E I n (n > 2), let 

^ := k(x 1; . . . ,X n )/(x a X b - (-l) PK)pK Wa>l<a<6<n 
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be the superalgebra generated by x k (1 < k < n) with Z x Z 2 -degree ((a Uk \cx Uk ), p(z^)) 
(k = 1, . . .,n). Let be the subalgebra of V v generated by x^~ v ^ (1 < k < n). 
Then V C J is isomorphic to the polynomial ring k[xj[ +p ^ , • • -Xn +P ]■ Set 

V n = V v e{v) and V% = V?e(v). 
Then is contained in the center of V n and 

(4.8) Qv a ,v a+1 (x a , x a+1 )e(v) belongs to for all v e I n and 1 < a < n. 
For 1 < k < n, we define the algebra endomorphism s k of V n by 

(4.9) s fe (x P e(i/)) = (-ir^^^x Sk{p) e(s k u) for 1 < p < n, 

where s k — (k, k + 1) G is the transposition which acts on J n in a natural way. For 
/ G V n and 1 < < n, define 

~ f _ f-Jkf ev (gfc+1 ~Xk)f- S k f(x k+ l - Zfc) od 

~~ _ „ e fc,A:+l + 2 _ ™2 e fc,fc+l> 

(4.10) _ 

_ f~ s kf p ev A^fc+i ~ gfc) ~ fofc+i - x k ){s k f) ^ od 

Then one can easily show that 

(4.11) d k f, fx e V n , T k f = (s k f)T k + d k f, fT k = T k (s k f) + f* 

and 

d k (xj) = (xj) 9k = ^j,fe+ie|y fe+1 — ^,fce|yfe +1 + $j,k+i e k d k+ i + ^fe^jic+i) 

For (3 G Q + with = n, set 

J/ 3 = { u = ( Uu . . . , v n ) G J n | a vi + ■ ■ ■ + a Vn = /?}. 

We define 

R(m, n) = R(m) ®k R(n) C R{m + n), 

^e/ n i/eJ0 Me/ Q , veiv 

R(P) = e(P)R(n), R(a, 0) = R(a) ® k R(f3) C R(a + /3), 



<W<?) = (d k f)g + , (/s) 9fe = f(9 9k ) + (f K )s k g. 
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e(n,i k ) = e ( I/ )' e(i k ,n) = ^ e (^)' 

uei n+k , vei n+k , 

e(/3, i k ) = e(/3, ken) = e(/3 + kai)e(n, i k ), 
e(i k , (3) = e(kai, (3) = e((3 + ka^)e{i k , n) 

for a,/3 e Q + . 

Proposition 4.2 ([12, Corollary 3.15]). For each w G S n , we choose a reduced expres- 
sion Sjj ■ ■ • Si t of w and write t w — • ■ ■ . Then 

{xl 1 ■ ■ ■ x^T w e{y) | a = (a u . . . , a n ) G Z%, iue5„, i/ G I n } 

forms a basis of the \i-module R(n). 

Remark 4.3. In general, r w depends on the choice of reduced expressions of w. How- 
ever, we still write r w after choosing a reduced expression of w. In / = {i} case, by the 
axioms in Definition 4.1, ±r w does not depend on the choice of reduced expressions of 
w G S n ; i.e., for any two reduced expressions w — % • • • s ir — ■ ■ ■ Sj r , we have 

r il 7~ir ~ ^ SZT jl ' ' ' T jr ■ 

By the proposition above we have: 
Lemma 4.4. The algebra R(n + 1) has a direct sum decomposition 

n+1 n+1 

(4.12) R{n + 1) = © R{n, l)r n ■ ■ ■ r a = © R{n) ® ^[x n+1 ]T n ■■■r a . 

a=l a=l 

In particular, R{n + 1) is a free R(n, 1) -module of rank n+1. 

Let Mod(R((3)) (resp. Proj(i?(/3))) be the category of arbitrary (resp. finitely gen- 
erated projective) Z-graded i?(/3)-modules. We denote by Rep(i?(/3)) the category of 
Z-graded left i?(/3)-modules which are coherent over ko. Note that we assume modules 
to be only Z-graded but not Z x Z2-graded. The morphisms in these categories are 
.R(/3)-linear homomorphisms which preserve Z-grading. Then Mod(i?(/3)) is an abelian 
category, and Proj(i?(/3)), Rep(i?(/3)) are subcategories of Mod(i?(/3)) stable under 
extensions. Hence they are exact categories. 

Since R((3) is a superalgebra, the category Mod(i?(/3)) has a supercategory structure 
induced by the parity involution := 4>R{p) as seen i n § 3.2. 
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For a Z-graded R(/3)-modvle M = igZ Mi, let M(k) denote the Z-graded R(/3)- 
module obtained from M by shifting the grading by k; i.e., M{k)i := ® igZ M i+ fc. We 
also denote by q the grading shift functor 

(4.13) (qM)i = Mi_ x . 

Let 7r be an odd element with the defining equation 7r 2 = 1. For any superring R, 
we define 

R? :=R® z Z[7r] ~ i? © Rix. 

Thus A 71 = Z[q,q-\7r] with vr 2 = 1. We denote by [Proj (R(p) )] and [Rep(i?(/3))] the 
Grothendieck group of Proj(i?(/3)) and Rep(i?(/3)), respectively. Then [Proj (i? (/?))] and 
[Rep( J R(/3))] have the A^-module structure given by q[M] = [qM] and ir[M] = [TIM], 
where [M] is the isomorphism classes of an i?(/3)-module M. 
For a, (3 G Q + , consider the natural embedding 

which maps e(a) <g> e(/3) to e(a,/3). For M G Mod(R(a,(3)) and iV G Mod(i?(a + /?)), 
we define 

Ind Qj/3 M = i2(a + /3)e(a, (3) ® R ( a ,j3) M G Mod(R(a + /?)), 
Res a>p N = e(a, 0)N G Mod(i?(a, /?)). 
Then the Frobenius reciprocity holds: 

(4. 14) Hom fl(a+/3) (Ind ai/3 M, TV) ~ Eom R{a ^ (M, Res a:/3 iV) . 
Given a, a', (3, (3' G Q + with a + (3 = a' + (3', let 

afiRa'fi' ■= e(a, + /3)e(c/, 

We also write a +pR a ,(3 '■= R{ol + /3)e(a, /3) and a'fi'Ra'+p 1 '■= e(a', f3')R(a' + /?'). Note 
that 

is a Z x Z 2 -graded (_R(a, /?), i?(o/, /3'))-superbimodule. Now we obtain 
Mackey's Theorem for quiver Hecke superalgebras. 

Proposition 4.5. The Z x Z 2 -graded (R(a) <8> R(/3),R(a') (g> R(f3'))-superbimodule 
a ,pR a ',p' has a graded filtration with graded subquotients isomorphic to 

n p « p ^ +7 -^( Q i4- 7l7 )®G^ 

where Rt = R(a — 7) (g> -R(7) <8> -R(/3 + 7 — /?') <8> — 7) one? 7 ranges over the set of 
7 G Q + such that — 7, f3' — 7 anc? j3 + j — /3' = a' + J — a belong to Q + . 
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The proof is similar to that of [20, Proposition 2.18]. 

Hereafter, an R(n) -module always means a Z-graded R(n) -module. 

4.2. The algebra R(na,i). In this subsection, we briefly review the results about 
R{na.i) developed in [6, 9, 20, 26]. For the sake of simplicity, we assume that 

(4.15) k is a field and the kj's are finite-dimensional over k 

throughout this subsection. 

Under the condition (4.15), the Z-graded algebra R((3) satisfies the conditions: 

(a) its Z-grading is bounded below and 

(b) each homogeneous subspace R(/3) t is finite-dimensional over k (i 6 Z). 
Hence we have 

(i) R(f3) has the Krull-Schmidt direct sum property for finitely generated 
modules, 

(ii) Any simple module in Mod(R((3)) is finite-dimensional over k and has 

(4.16) an indecomposable finitely generated projective cover (unique up to 
isomorphism) , 

(iii) there are finitely many simple modules in Rep(i?(/3)) up to grade shifts 
and isomorphisms. 

We now consider the case /3 = ncti. For 1 < k < n, let := r^x^+i G R(ncei). Then, 
by a direct computation, we have 

b r b s = b s b r if |r — s\ > 1, 

(4.17) 

b r b r+ ib r = b r+ ib r b r+ i, for 1 < r < n — 1. 

Thus, for w G S n , h w is well-defined. 

We denote by iy[l,n] the longest element of the symmetric group S n , and set 

(4.18) b(i"):=b M[1)n] . 
Then (4.17) implies 

b(z n ) 2 = b(z n ) and b k b(i n ) = b(i n )b k = b(z n ) for 1 < k < n. 

Set 

(4.19) n i = n p(i) , 7r i: =7r pW 
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and define 

(4.20) [71]?= ™ , [n]?! = nWr- 

Recall that g» = q^ 01 ^/ 2 . The algebra R(ncti) decomposes into the direct sum of 
indecomposable projective Z x Z 2 -graded modules as follows: 

n-1 

(4.21) Rina,) ~ [n]J\P(i n ) = q}- n+2k I^P(i n ), 

k=0 

where 

P(i n )-n, 2 fl(na,)b(z") / 1 4 
Note that P(i n ) is an indecomposable projective ZxZ 2 -graded module unique up to iso- 

n-l 

morphism and ZxZ 2 -grading shift. Note also that R{noti)h{i n ) ~ R(na.i)/ ^2 R(nai)Tk- 

k=l 

On the other hand, there exists an irreducible Z x Z 2 -graded i?(naj)-module L(i n ) 
which is unique up to isomorphism and Z x Z 2 -grading shift: 

(4-22) L(i n ) :=Indf r (n "; } aM ,1, 

where 1 is the trivial k[xi] ® • ■ ■ ® k[x n ]- module which is isomorphic to ko. Hence £(i n ) 
is the i?(no;i)-module generated by the element u{i n ) of Z x Z 2 degree (0, 0) with the 
defining relation 

x k u{i n ) = (1 < k < n), k s w(i n ) = (a > 0). 
By Proposition 4.2, the i?(naj)-module L(i n ) has a k -basis 

{t w ■ u{i n ) | w e S n } . 

Set 

L k ■= {v G L(i n ) \x k n -v = 0} (k > 0). 

Since x n anticommutes with all Xj (i = 1, . . . , n — 1) and Tj (j = 1, . . . , n — 2), L k has 
an i?((n — l)aj)-module structure. Moreover L k has a k -basis 

{t^-i ■ ■ • r s u{i n ) I u> e Sn-!, n-k + l<s<n}, 

and L n = L(i n ). Thus we have a supermodule isomorphism 

(4.23) VLfc-i * n^ 1 ^^- 1 ) ((1 - fc)^]^)) for 1 < k < n. 
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Here the Z x Z 2 -grading shift is caused by the (Z x Z 2 )-degree of r n -\ ■ ■ • r n ^k+iu{i n ) ■ 
Note that L k = x n ~ k L{i n ) for < k < n. 

Lemma 4.6. Let w[l,n] be the longest element of S n . Then we have 

R(nai)T w [ ltn ]R(nai) = R(nai). 

Proof. We have 

7"io[l,n] = T w [i tn -i]T n -iT n -2 • • • T\ ■ 

Hence by induction, it is enough to show that for 1 < a < n — 1 

(4.24) 

Note that 

XnT w [l,n-l] r n~l T n-2 ' ' ' T a — ±T w [i ))1 _i]X rl r n _ir n _2 • • ■ T a 

— =tT"«i[l,n-l](=t' r n-l3 ; n-l + l) r n-2 ' ' ' T a 

— ^ zT w[l,n~l] r n-lXn~l T n~2 ' ' ' T a 

— ^■Tw[l,n-l] T n-l T n-2 ' ' ' T a+l x a+l T a 

= ±T w [ ltn -i]T n _ 1 T n _ 2 " " ' T a+ l(±T a X a + 1). 

Thus we have (4.24) and our assertion follows. □ 

5. The superfunctors E i} F { and T { 

In this section, we define the superfunctors Ei, Fi and F, on Mod(R(/3)) and inves- 
tigate their relations among themselves. In the later sections, these relations will play 
an important role in proving the categorification theorem for cyclotomic quiver Hecke 
superalgebras. 

Recall that an R(n) -module means a Z-graded R(n) -module. 
5.1. Definitions of simple root superfunctors. Let 

Ei : Mod(R(/3 + 04)) ->■ Mod( J R(/3)), 
Fi : Mod( J R(/3)) -»■ Mod(R(/3 + an)) 
be the superfunctors given by 

Ei(N) = e(/3, i)N ~ e(/3, i)R(/3 + a t ) ® R(li+ai) N 
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- Hom R(l3+a . } (R((3 + ai)e(P,i),N), 
Fi{M) = R{/3 + Oi)e(P, i) ® m M 

for N G Mod(R((3 + an)) and M G Mod(R(/3)). 

Then (F^Ei) is an adjoint pair; i.e., Hom fi ( /3+Qi )(FjM, N) ~ Hohir^M, EiN). Let 
n = |/3 1 . There are natural transformations: 

: F; ->■ Yliq~ 2 Ei, x Fi : F, -> II^" 2 ^, 

r B .. : -»■ IpWP(»)g( a *l a i)£: i £ i , r^. : -> rP^'V^^F^ 

(recall that 9i := q( a ^l 2 and IT; := n p(i) ) 

induced by 

(a) the left multiplication by x n+ \ on e(j3,i)N for N G Mod(F(/3 + a*)), 

(b) the right multiplication by x n+i on the kernel + aj)e(/3, «) of the functor Fj, 

(c) the left multiplication by r n+ i on e(/3,i,j)N for iV G Mod(i?(/3 + oti + a?)), 

(d) the right multiplication by r n+ i on the kernel R(/3 + + aj)e(f3, j, i) of the functor 
p.p. 

By the adjunction, te^ induces a natural transformation 

FjEi IP®*® qte^EiFj. 

(See Theorem 5.2 for more detail.) 

Let £ n : R(n) — >■ i?(n + 1) be the algebra homomorphism given by 

£n(a:fc) = x k +i, Cn{n) = n+u in{e{v)) = y^e(i,u) 

for all 1 < k < n, 1 < £ < n and v G I n . We denote by R l (n) the image of £ n . 

For each i G I and (3 G Q + , let J 7 ^ :=R((3 + aj)u(i, /3) be the F(/3 + aj)-supermodule 
generated by v(i,j3) of Z x Z 2 -degree (0,0) with the defining relation e(i, (3)v(i, (3) = 
v(i, f3). The supermodule has an (R(/3 + ai), F(/3))-superbimodule structure whose 
right i?(/3)-action is given by 

av(i, (3) ■ b = a£ n (b)v(i, (3) for a G R((3 + ojj) and b G -R(/3). 

In a similar way, we define the (R(n + 1), F(n))-superbimodule structure on R(n + 
1)^(1, n) by 

av(l, n) ■ b = a£ n (b)v(l, n) for a G i?(n + 1) and b G R(n). 
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Hence 

R(n + l)v(l,n)~ R(P + an)v(i,p). 

i€l, \/3\=n 

Now, for each % G I, we define the superfunctor 

: ModW)) -»• Mod(i?(/3 + by TV ^ ® fl09) TV. 

5.2. Functorial relations. We shall investigate the commutation relations for the 
superfunctors E iy Fi and (i 6 7). 

Proposition 5.1. TTie homomorphism of (R(n),R(n — l))-superbimodules 

p: R(n)e(n-lJ) ® g-^^lP^^efn - 1, i)i2(n) — ► e{n,i)R{n + l)e(n, j) 

fl(n-l) 

given 6?/ 

x (8) 7r p W p ^y i — ► xr n y (a; G R(n)e(n - 1, j), ?/ G e(n - l,i)R(n)) 
induces an isomorphism of (R(n), R(n))-superbimodules 

p: R(n)e(n-l,j) <g> g-M^)n p « p ^e(ri - 1, i)i2(n) © e(n, i)i2(n, l)e(n, j) 

(5.1) 

e(n, i)R{n + l)e(n, j). 
Proof. The homomorphism p is well-defined since we have 

a e(n — l,j)r n e(n — l,i) = e(n — l,j)r n e(n — (j) p ^ p ^\a) for any a G R(n — 1), 
where <fi is the parity involution defined in § 3.2. Thus it induces a homomorphism 

p': R(n)e(n - 1, j) ® g -M^>IF<0pC») e (n - M)i?(n) -> ^ * } f ( " + ■ 
H(n-i) e(n,i)R(n,l)e(n,j) 

Thus it is enough to show that p' is an isomorphism. Since 

n 

R ( n ) = © r a- • •r n _ik / [x n ] <g> k i2(n - 1), 

0=1 

we have 

R(n)e(n - 1, j) ® fl ( n _i) e(n - 1, i)i2(n) 

f n \ 

©To • ■ ■ r n _ik[x n e(j)] ®k H(n - 1) ®/?(n-i) e(n - 1, z)i2(n) 



k o=l 



©T a • • • r n _ik[a; n e(j)] <g> k e(n - 1, i)R(n). 



a=l 
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On the other hand, 



e(n, i)R(n + l)e(n, j) 
e(n,i)R(n, l)e(n,j) 



0a=i e ( n ; T a • • • r n k[x n+1 e(j)} O k e(n - 1, i)R(n) 
e(n, i)k[x n+ ie(j)] ® k R(n) 



n 



0e(n,i) 



r a • • • r n k[x n+ ie(j)] ® k e(n - 1, i)R(n). 



0=1 



By (4.11), for / £ k[x n e(j)], y £ e(n — 1, i)R{n) and 1 < a < n, we have 

r a ■ ■ • T n -ifr n y = r a ■ ■ ■ r n _i (r n (s n f) + (f 9n )e njn+1 )y 

= r a ■ ■■T n (l n f)y mod e(n,i)R(n, l)e(n,j). 

Hence p' is right _R(n)-linear and p'{j a ■ • ■ T n -±f) = r a - ■ ■ r n (s n f). Since / 
induces an isomorphism k[x n e(j)] ~ k[x n+ ie(j)], our assertion follows. 

Theorem 5.2. There exist natural isomorphisms 



k[U] <g> Id: Mod(i?(/3)) -> Mod(i2(/3)) 
is t/ie functor defined by M ^ k[tj] (8) M. 

Proof. Note that the kernels of i^-Ej and -E^- on Mod(i?(/3)) are given by 
R((3 — c*i + Oij)e{(3 — ati,j) <g> e(/3 — «j, oii)R(j3) and 



e(/3 + aj - an, i)R(/3 + atj)e(/3,j), 
respectively. Since 

R(n)e(n - ®fl( n _i) e(n - 1, i)R(n)e(/3) 

~ R(/3 — oti + aj)e((3 — cti,j) Cg) e(/3 — cti, ai)R(j3) and 



e(n,i)R(n + l)e(n, j)e(f3, j) = e((3 + atj - ati,i)R(/3 + aj)e(/3,j), 
our assertion is obtained by applying the exact functor • e(/3,j) on (5.1). 




^l^n^ © k[tj] ® Id i/i=j, 



where ti is an indeterminate of (Z x Z 2 )-degree ((aj|ajj), p(«)) and 



R(/3- ai ) 



R(P-oti) 
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Remark 5.3. For an i?(/3)-module M, the R(j3) -module structure on k[U] ®M is given 
by 

® s) = t\ ® fcp(i) (a)s for a G R(P), s G M. 
Thus we have an isomorphism of functors 

k[U] ® Id ~ 0(g (a ' |ai) ni) fc . 

fc>0 

Remark 5.4. The morphism k[tj] Cg> Id — >■ EiFi intertwines 

U : k[U] <g> Id ->■ gr 2 nik[ti] <g> Id and : -> qfE^Fi. 

Furthermore, the morphism EiFi — >■ q[ 2 FJliEi intertwines 

EjX^ and q~ 2 x F IiiEi. 
Proposition 5.5. There exists an injective (R(n) , R(n))-bimodule homomorphism 
$ : R(n)v(l, ra-l) <8>ji( n _i) i2(n) -> i?(n + l)u(l, n) 

gwen 6?/ 

aru(l,n- 1) ®y i — ► ar^ n (j/)v(l,n). 
Moreover, its image R{n)R l {n) has a decomposition 

ra+l re— 1 

R{n)R\n) = i?(n, l)r n • ■ ■ r„ = r • ■ ■ r^(l, n). 

a=2 a=0 

Proof. Since the proof is similar to that of [10, Proposition 3.7], we omit it. □ 

By a direct calculation, for 1 < k < n, 1 < £ < n — 1 and v G I?, we can easily see 
that 

x k e{v, i)r n ■ ■ ■ ne(i, i/) = (-l) p(i)pMp(!/4 V n • • ■ 7is fc+ ie(z, u), 
r £ e{u, i)r n ■ ■ ■ ne(z, v) = (-l)rtMf*M» t M» t+ i) Tn . . . ri r m e(z, z/), 
x n+1 e(u, i)r n ■ ■ ■ ne(i, v) = (-l) pWp(/3) r n ■ ■ -T\X\e{i, v) mod R{n)R x {n). 
Note that 

p(r n - ■ ■T 1 e(i,u)) = p(i)p(/3), p(z fc e(z/,i)) =p(v*), 
p(r^e(^, i)) = p(^)p(^+i), p(x n+1 e(u, i)) = p(z). 
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Hence 

ar n ■ ■ ■ Tl e(i, f3) = r n ■ ■ ■ r x e{i, P)r {i)m (6»(a)), 

(5.2) x n+1 e(/3, %)r n ■ ■ ■ Tl e(i, 0) = (-l) p(i ' p Wr n • • • r lXl e(i, 0) 

mod R(n)R 1 {n) for any a G R{/3). 
By Proposition 5.5, there exists a right i?(n)-linear map 

if i : R(n + l)u(l, n) ->■ -R(n) <g> k 7 [x n+ i] 

given by 

R(n + lWl, n) ^Coker($) = ®"=j R ^ 1)rn ' ' - Ta £■ R(n, l)r n • ■ ■ n 

(5.3) ®:tlR(n,l)r n .--T a 1 j 

£■ fl(n, 1) = i2(n) (8) k 7 [x n+ i] ^ #(n) g> k f [t]. 
Similarly, there is another map (f2~- R{n> + 1)^(1) n ) k [a?i] (g> i?(n) given by 

R(n + 1)«(1, n) ^Coker($) = ^J*'''^'"] ^ r„ - • • nfl(l, n) 

(5.4) o=o T a ---Ti J R(l,n) 

£■ n) = k 7 [a;i] ® fl(n) = k 7 [t] ® fl(n). 

By restricting $ to 

i?(/3 + - a;)t>(j, /9 - a;) ® R (j3- ai ) e((3 - a h i)R(/3), 
which is the kernel of FjEi on Mod(i?(/3)), (5.3) and (5.4) can be rewritten as 
e((3 + oij — aj, i)R(f3 + otj)v(j, (3) 

vi > Coker ($) 0"=? ^(Z 3 + a i ~ a ^ »)r w ■ ■ ■ r a e(j, g) 

0a=2 W + a i _ a i> r n • • • T a e(j, f3) 

^ 6 itj R{p, %)r n •••n^- £^03, i) 

~ 5 M i?(/3) ® k[x n+ ie(z')] ~ ^,ii?(/3) ® kfc] 



and 



e(/3 + ccj — «j, i)R(/3 + atj)v(j, (3) 

y» ) Coker ($) 0"=o e (fi + tt J ~ a » *K • • • r i fi) 
©"Zq 1 e(/3 + ay - Oi, i)r • • ■ nR(j, f3) 

$i,jT n ■ ■ ■ nR(i, 13) S itj R(i, (3) 
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~ (Jijk[zie(i)] <8> R(f3) ~ ^kfo] <g> 

Therefore by (5.2), and (f2 coincide and we obtain: 

Theorem 5.6. (i) There is a natural isomorphism 

~FjEi ^ EiFj for i + j. 

(ii) There is an exact sequence in Mod(i2(/3)) 

-> FiEiM -> EiFiM -»■ n p(i)p(/3) g- (ai|/3) k[ti] ® M 0, 

which is functorial in M G Mod(i2( ( 5)). i/ere ij zs an indeterminate of (Z x Z 2 )- 
deoree ((ai|a»), p(z')). 

6. Crystal structure and strong perfect bases 

In this section, we will show that we can choose a set of irreducible _R(/3)-modules 
(/3 G Q + ) which gives a strong perfect basis of [Rep(i?(/3))]. We will also show that 
irreducible modules are always isomorphic to their parity changes. To prove these facts, 
we need to employ the categorical crystal theories which are developed in [20, 22, 24]. 
However, in the quiver Hecke superalgebra case, we can use the arguments similar to 
those given in [20, Section 3.2] with slight modifications. Therefore we only state the 
required results (II)— (14) below, and we will focus on the basic properties of perfect 
bases. 

In this section, we assume (4.15); i.e., ko is a field and the kj's are finite-dimensional 
over k . 

For M G Rep(i?(/3)) and i G I, define 

A ik M = e(/3 - kan, i k )M G Rep(i?(/3 - ha u kon)), 
ei{M) = m&x{k > | A ik M ^ 0}, 
Ei(M) = e{(3 - on, i)M G Rep(i2(/3 - a*)), 
(6,1) F'^M) = Ind^M m L{i)) G Rep(i?(/3 + a t )), 

ei(M) = soc(Ei(M)) G Rep(R(f3 - a,)), 
fi(M) = hd(F[M) G Rep(R((3 + a,)). 
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Here, soc(M) means the socle of M, the largest semisimple subobject of M and hd(M) 
means the head of M, the largest semisimple quotient of M. We set Si{M) = — oo for 
M = 0. 

Then we have the following statements. 

(11) If M is an irreducible i?(/3)-module and £j(M) > 0, then e^M is irreducible. 

(12) If M is an irreducible i?(/3)-module, then /jM is irreducible. 

(13) Let M be an irreducible i?(/3)-module and e = ei{M). Then Aj £ M is isomorphic 
to NML{i e ) for some irreducible R(/3 — £aj)-module iV with £i(N) = 0. Moreover, 
N ~ ef(M). 

(14) Let M be an irreducible i?(/3)-module. Then eJiM ~ M. If £;(M) > 0, then we 
have fiiiM ~ M. 

Lemma 6.1. Let z be an element of [Rep(i?(/3))] such that [Ef]z = 0. Here [E*] is the 
map from [Rep(i?(/3))] to [Rep(i?(/3 — fee**))] induced by the exact functor E\ . Then z is 
a linear combination of [M] 's, where M are irreducible R((3)-modules with £j(M) < k. 

Proof. Write z = ^ajv/[M], where 6 Z and M ranges over the set of isomorphic 
classes of irreducible i2(/?)-modules. Let £ be the largest £j(M) with om ^ 0. Then 
by (13), [Ef\z = dim L{i e ) £ a M [^M\. Hence if £ > k, then [Ef]z = 0, which is a 

e s (M)=£ 

contradiction. Hence we obtain the desired result. □ 

Proposition 6.2. Let M be an irreducible module in Rep(i?(/3)). Assume that e : = 
Ei(M) > 0. Then we have 

[EM] = n^q^m^M] + £[JV fc ], 

ft 

where are irreducible modules with £j(-/Vfc) < £j(ejM) = £ — 1. 
Proof. By (13), we have 

Aj £ M ~ elMBL(i £ ). 

Similarly, we have 

Ais-iBiM ~ efM IE L(i e ~ l ). 
On the other hand, (4.23) implies that 
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as an element of [Rep(i2(0))]. Thus we obtain 

[ET^EM - nt^meiM]) = 0. 
Hence the desired result follows from the preceding lemma. □ 

By a similar argument to the one in [20, Corollary 3.19], we have the following 
lemma. 

Lemma 6.3. For any irreducible R(/3) -module M, 

k ~End K(/3) (M). 

Now we are ready to prove the following fundamental result on irreducible modules 
over quiver Hecke super algebras. 

Theorem 6.4. For any irreducible R((3) -module M, we have 

ITM ~ M. 

In particular, II acts as the identity on [Kep(R(f3))\ and [Proj(i2(/3))]. 

Proof. We shall prove it by induction on \(3\. If \j3\ > 0, there exists i E I such that 
£i(M) > 0. Since the endofunctor II commutes with the functor 

ei(UM) ~ (UBiM). 

By induction hypothesis, Ilej(M) ~ e^M. Hence we obtain 

( ,M ~ r,n.\/. 

Then liM ~ M follows from (14). 

By (4.16), our assertion also holds for [Proj(i?(/3))]. □ 

Together with Proposition 6.2, we obtain the following corollary. 

Corollary 6.5. For any irreducible R{f3)-module M , we have 

(6.2) [EiM] = (rtlifeM] + Y^ N ^ 

k 

where N k 's are irreducible modules with Ei(N k ) < £i(M) — 1. 
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Let if} : R(/3) — > R(j3) be the involution given by 

(6.3) ip(ab) = -0(&)^(a), ip(e(v)) = e{y), ip(x k ) = x k , ifj(n) = n, 
for all a,b G R(/3). 

For any M G Mod{R{(3)), we denote by M* = Hom ko (M, k ) the k -dual of M whose 
left -R(/9) -module structure is induced by the involution ip: namely, (af)(s) = f(ip(a)s) 
for / G Hom ko (M, k ), a G R(fi) and s E M. We say that M is self-dual if M* ~ M. 

The following lemma tells that commutes with the duality up to a grade shift. 

Lemma 6.6. For any irreducible R(f3)-module M such that £i(M) > 0, we have 

(6.4) (q^^eiM)* ~ ^'^^(M*). 
Proof. Set £ = £i(M). By (6.2), we have 

[E l M] = [e] l [q]- £ ~e l M] + Y} N ^ 

k 

Here N^s are irreducible modules with £j(iVfc) < £j(M) — 1. Since i?j commutes with 
the duality functor, we have 

[Ei{M*)\ = [eMiqt-^M)*] + 
On the other hand, applying (6.2) to M*, we obtain 

[E i {M*)] = [e]te]- e h{M*)] + Y\ N ^ 

k> 

with Ei(N' k ,) < Ei(M) — 1. Hence we obtain the desired result. □ 

Proposition 6.7. For any irreducible R((3) -module M, there exists r G Z suc/i Z/iaZ 
g r M self-dual, that is, 

(<f M)* ~ <f M. 

Proof. Using induction on we shall show that there exists r G Z such that 

g r M is self-dual. 

Assume > and take % G / such that £ := £«(M) > 0. 

Then, by the induction hypothesis, there exists r G Z such that q r q\~ £ e-iM is self- 
dual. Then the preceding lemma implies 

q}-%(q r M) ~ (tf-WM))' ~ ^((g'M)*). 
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Hence by (14), we get q r M ~ (q r M)*. 



□ 



Finally we obtain the following theorem which shows the existence of strong perfect 
basis of [Repi?(/3)]. 

Theorem 6.8. For G Q + , let Itt R((3) be the set of isomorphism classes of self- dual 
irreducible R(/3) -modules. Then 

{ [M] | M e Itt R((3)} 

is an A-basis of [Rep R(f3)]. Moreover, it is a strong perfect basis; i.e., it satisfies the 
property (2.2). 



Proof. The proof is an immediate consequence of Proposition 6.7 and (6.2). 
The following lemma is a categorification of the g-boson relation (2.1). 



□ 



Lemma 6.9. For all (3 e Q + and M e Rep(R((3)) , we have isomorphisms and exact 
sequences. 

EiFjM ~ IptfoMq-M^FjEiM for i ^ j, 
->■ M -> EiF-M -> Kiq^F-EiM -> 0. 



(6.5) 



Proof. By Theorem 5.2 and Remark 5.4, all the columns and rows in the following 
commutative diagram are exact except the bottom row. 















SijqfUiklU] <g> M qfUiEiFjM q^W^^q-^^ F^M 



SijklU] ® M 



EiFjM 



X f 



npWpO')g-(^l^) FjEiM 



SijM EiF-M IpWpWq-teMFjEiM »- 




Hence the bottom row is also exact. 







□ 
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7. Cyclotomic quiver Hecke superalgebras 

In this section, we define the cyclotomic quiver Hecke superalgebra R A and study its 
elementary properties. 

7.1. Definition of cyclotomic quotients. For A G P + and % G J, we choose a monic 
polynomial of degree (hi, A) 

(7-1) af(u) = ]T c,, k u^- k 

with Q ; fc G k fc ( a .| a -) such that c^o = 1 and = if i G J dd and k is odd. Hence 
af (xi)e(i) has the Z x Z 2 -degree 

A)(a i |a i ),p(i)(/i i , A)). 

For 1 < k < n, define 

« A (^fc) = Yl a t( x k) e ( u ) e R ( n )- 

Definition 7.1. Let (3 G Q + and A G P + . The cyclotomic quiver Hecke superalgebra 
R A ((3) at (3 is the quotient algebra 

R A (B \ = R (P) 

K ' ' R{P)a A { Xl )R{P) ' 

7.2. Structure of cyclotomic quotients. We shall prove that the cyclotomic quo- 
tients are finitely generated over k. For the definition of s a and d a , see (4.9) and 
(4.10). 

Lemma 7.2. Assume that fe(v)M = for M G Mod(R(n)), f G V n , u G I n and 
1 < a < n such that v a = z/ a+1 = i. Then we have 

(d a f)(x a -x a+1 )^e(u)M = and 

(4 + xl +1 )^\s a f)e(v)M = (sj)(xl + x 2 a+i y®e(v)M = 0. 
Proof. By (4.10), we have 
(xllf } - xl + ^)r a fr a e(u) = ((x a+l - x a )*®f - sj(x a+1 - x a )*®) r a e(u) 
= ((x a+ i ~ x a )»®fT a - (-l) p{l) s a fr a (x a+1 - x a )^) e(u) 

= ((x a+ i ~ x a )»®fT a - (-l) pW r a /(x Q+1 - x a ) p « + (-l) p(t) «9 a /(x a+1 - x a )P«) e(u). 
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Hence we have (d a f)(x a — x a+ iY^e{u)M = 0. It follows that 

= ( X H*<0 - xltf^ajjK - x a+1 )^e(v)M 
= ((x a - x a+1 )^f(x a - x a+1 )P« - s a f(x a - x a+1 ) 2p «) e{y)M. 

Thus (x a - x a+1 ) 2 ^(s a f)e(u)M = (x 2 a + xl +1 )M(s a f)e(is)M = 0. □ 

Lemma 7.3. There exists a monic polynomial g(u) with coefficients in k such that 
g{x a ) = in R A {(3) (1 < a < n). 

Proof. If a = 1, g(x\) = Yliei a f( — x i) a t( x i) satisfies the condition. Hence, by induc- 
tion on a, it is enough to show the following statement: 

For any monic polynomial g(u) G k[it] and v G I n , we can find 

a monic polynomial h{u) G k[w] such that 
h{x 2 a+1 )e(u)M = for any J R(/3)-module M with g{x 2 a )M = 0. 

(i) Suppose v a 7^ z/ a+ i. In this case, we have 

g(x 2 a+1 )Q Ua ^ a+1 {x a , x a+ i)e{u)M = g(x 2 a+1 )T 2 e{u)M = T a g{x 2 a )r a e{u)M = 0. 

Since Q Ua ,u a+1 {x a , %a+i) is a monic polynomial in x^f^ Ua+1 ^ with coefficients in k[xa +P ^ a ' > ] 
there exists a monic polynomial h(u) such that 

h(x 2 a+l ) Gk[x^)e(i/), ^ K+l) e(.)]ff(^)+ 

kk +pK) e(^^llf a+l) ^)M^i)S,,, +1 ^^ a+1 ). 

Then h(>2 +1 )e(v)M = 0. 

(ii) Suppose v a = z/ a+1 . Then Lemma 7.2 implies 

3(4)(^4) pW ^(# = o. 

Then we can apply the same argument as (i). □ 

Lemma 7.4. Let f G V n +i be a monic polynomial of degree m in x n+ i whose coeffi- 
cients are contained in V n <8> k 7 . Set R = e(n, i m+1 )R(n + m + l)e(n, i m+1 ). Then we 
have 

RfR = R. 
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Proof. We will prove the following statement by induction on k: 
(7.2) <9 fc _! ■ ■ • d n+1 fe(n, i m+1 )r w[n+1)k] G RfR 

for n+1 < k < n+m+1. Here w[n + l, k] is the longest element of the subgroup SL+i^i 
generated by s a (n + 1 < a < k). (See Remark 4.3.) Assuming (7.2), by multiplying 
r w [n+i,fe]-i«,[n+i,fc+i] fro m the right, we have 

<9 fe _i ■ ■ ■ d n+1 fe(n, i m+1 )T w[n+1>k+1] G RfR. 

By multiplying r k from the left, we have 

T fc ((9 fc _i ■ • • d n+1 f)e(n, i m+1 )T w[n+1:k+1] 

= (s k (dk-i ■ ■ ■ d n+1 f)r k + d k --- d n+1 f)e(n, i m+1 )T w[n+lik+1] 
= d k ■ ■ ■ d n+1 fe(n, i m+1 )T w[n+lik+1] 
eRfR. 

Here we have used the fact that r k r w [ n+ i jk+ i] = 0. 

Thus the induction proceeds and we obtain (7.2) for any k. Since d n+m ■ ■ ■ d n+ if = 1, 
our assertion follows from Rr w [ n+ i !n+m+ i]R = R in Lemma 4.6. □ 

Corollary 7.5. For (3 G Q + with = n and i G I , there exists m such that 

R A ((3 + koii) = for any k > m. 

Proof. By Lemma 7.3, there exists a monic polynomial g(u) of degree m such that 

g(x n )R A (/3) = 0. 

Lemma 7.4 implies e(n, i k )R A ((3 + ka^) = for k > m. Now our assertion follows from 
similar arguments to [11, Lemma 4.3 (b)]. □ 

8. The superfunctors £f and F t A 

In this section, we define the superfunctors E A and F A on Mod(i? A (/3)) and show 
that they induce well-defined exact functors on Proj(i? A (/3)) and Rep(i? A (/3)). 
For each % G /, we define the superfunctors 

Ef: Mod( J R A (/3 + on)) -> Mod( J R A (/3)), 
F A : Mod(i? A (/3)) -> Mod(i? A (/3 + a*)) 
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by 

E A (N) = e{P,i)N = e((3,z)R A ((3 + a t ) ® R A W+ai) N, 
F A (M) = R A (f3 + a 4 )e(M ® Rm M 

for M G Mod(R A (f3)) and N G Mod(# A (/3 + «<)). 
For each i G /, G Q + and m G Z, let 

be the _R(/3 + aj)-supermodule generated by v(i, (3)T™ with the defining relation 

e{i i P)v{i,0)T? = v{i,p)T?. 

We assign to v(i, f3)T™ the (Z x Z 2 )-degree (0, 0). The supermodule /C™g has an (R((3 + 
ai), k[ti] <S> -R(/3))-superbimodule structure whose right k[i$] <8> -R(/3)-action is given by 

a^(z,/3)^-6 = aa(&)t'(^/3)^ m , 

av(z, (5)T™ ■ ti = a^ n (xi)w(z, (3)T™ = (-If^ax^i, (3)T™ 

for a G + ccj) and b G Here, <pi := and is the parity involution (see 

§ 3.2). 

In the sequel, we sometimes omit the Z-grading shift functor q when %-grading can 
be neglected. 

Set Ai := (hi, A). We introduce (R({3 + ai), i? A (/3))-superbimodules 

F A :=R A (f3 + ai)e(f3,i), 

K ■= R((3 + a l )e((3, i) ® m R A ((3), 

(8 ' 2) Kl :=ICt^ RW ut^R^) 

= Rtf + Oi)v{i, {3)T Ai ® m n Ai+m R A (/3). 

For % G I, let ti be an indeterminate of Z x Z2-degree ((ai\ai), p(i)). Then k[ij] is a 
superalgebra. The superalgebra k[tj] acts on iCi from the right by the formula given 
in (8.1). Namely, 

'av(i,/3)T** ® 4 l+m b)u = acj>f\x 1 )v(i,P)T A *®4 i+m ( j>i(b) 



for a G R(fi + a { ) and b G R A (/3). Here 7T; := 7r p(i) and fa = p(i) . On the other hand, 
k[ij] acts on i?(/3 + aj)e(/3, z), F A and K by multiplying x n+ i from the right. Thus 
K , F a and K\ have a graded (R((3 + c^), k[tj] ® i? A (/3))-superbimodule structure. 
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By a similar argument to the one given in [10, Lemma 4.8, Lemma 4.16], we obtain 
the following two lemmas: 

Lemma 8.1. 

(i) Both Ki and Kq are finitely generated projective righfk{ti]<giR A ((3)-supermodules. 

(ii) For any monic (skew) -polynomial f(ti) £ V n \tj\, the right multiplication by f(tj) 
on K\ induces an infective endomorphism of K\ . 

Lemma 8.2. For i £ I and (3 £ Q + with \(3\ = n, we have 

(i) R((3 + « 4 )a A (x 1 )i?(/3 + on) = E"=o W + ^{x^n ■■■r a , 

(ii) i?(/3 + a l )a A (xi)i?(/3 + a i )e(/3,i) 

= R(/3 + a i )a A (x 1 )R(/3)e(/3, z) + R((3 + ai)a A (xi)Ti ■ ■ ■ r„e(/3, i) . 

For 1 < a < n, 1 < £ < n and v £ I n , by applying a similar argument given in [11, 
Lemma 4.7], we have 

x a+1 a A (x 1 )r 1 • • • r n e(u, i) = (-l) p ^)( A ' +p ^) p «a A (x 1 )r 1 • • • r n x a e(u, z), 
re + ia A (x 1 )r 1 ■ ■ ■ r n e(u, i) = (_l)P^)p^ 1 )(A.+p(^P» fl A (ll)ri . . . 

(8 3) 

x l a K (xi)r l ■ ■ ■ r n e(>, i) = (-l) pMp(i) a A (xi)ri • • • r n x n+l e(v, i) 



U) 



mod + l)a A (xi)R(n)e(n, i). 
a A (x 1 )r 1 ■ ■ ■ r n e((3, i)c = C" P(/3) (^(c))a A (x 1 )r 1 ■ • • r n e(/3, z) 



Hence we have 



mod R(n + l)a A (xi)i?(/3)e(/3,i 



for any /3 £ Q + with = n and c £ R(n). 

Let P : i^i — > K Q be the homomorphism defined by 

(8.5) xv{i, /3)T A < ® vr Al+p(/3) y i— ► xa A (x 1 )r 1 ■ • • r n e(/3, z) ® y 

for x £ i?(/3 + oti) and y £ R A (/3). Then, by (8.3) and (8.4), P becomes an (R(f3 + 
ttj),k[tj] <S> i?(/3))-superbimodule homomorphism. 

Let pr: K — > F A be the canonical projection. Using Lemma 8.2, one can easily see 
that 

(8.6) I m (P) = Ker(pr) = ^i^^Z^'if f C *- 

R(p + aj)a A (xi)it(p)e(p, z) 
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Hence we obtain an exact sequence of (R((3 + a^), k[£j] Cg> i?(/3))-superbimodules 

K x -A K ^ F A — > 0. 

We will show that P is actually injective by constructing an (R((3 + cti) , k[tj] Cg>i?(/3)) 
-bilinear homomorphism Q such that Q o P is injective. 

For 1 < a < n, we define the elements <p a and g a of + a*) by 



- (x a+ i - x a r a eiu 



j ^.^"o + l ^a = ^a + l Steven 

^a=^a + l€/odd 



and 



, , I'a^^a + l !^a=^a + lS/even 

(o.o) 

+ J] ~ ^((^a+l - Za) - ~ ^aK) e(l/) . 

The elements <^ a 's are called intertwiners, and g a 's are their variants. 
Note that if v a = u a+1 G J C vcn, 

<fi a e(v) = (x a r a - T a x a )e(ij) = (r a x a+1 - x a+1 T a )e{v) 

(8.9) 

= (1 - T a (x a -x a+1 ))e(u), 

and if u a = is a+1 G 7 dd, 

^e(z/) = (a£r a - r a x 2 a )e{v) = (r a x 2 a+1 - x 2 a+1 r a )e{u) 

(8.10) 

= ((z. - x a+ i) - r a (x a - x a+1 ))e(z/). 

Lemma 8.3. For 1 < a < n and v G I n+1 , we have 
(p a e(v) = e(s a v)ip a , 

Xs a {bWa<v) = (-l) P{Ua)p{Ua+lMUb) iPaX b e(u) (1 < b < U + 1), 

f8 11) 

r 6 ^ a e(v) = {-lY {Ua) ^+^ Vb)p{ub +^^ a T b e{u) if \b - a\ > 1, 
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and 



(8.12) 



g a e{v) = e(s a u)g a , 

x aa{h) g a e{v) = (-iy^^+^g a x b e(v) (1 < b < n + 1), 
WM = (-l)P^)P^ +1 )pK)P^ +1 )^r 6 e(z/) z/ \b-a\> 1, 

T a9a+iga = 9a+l9aT a +l- 

Proof. By the defining relations of quiver Hecke superalgebras, the third equality can 
be verified immediately. If v a ^ v a+ i or v a = v a +\ G J C vcn, the first and second equalities 
were proved in [10, Lemma 4.12]. We will prove the second equality in (8.11) when 
v a = "a+i e /odd- Let b = a. Then 



x a+1 cp a e{is) 



x 



a+l 



- x a+l x a - (x 2 a+1 - x 2 a )(x a+ iT a )e(v) 



X 



a+l - Xa+lXa ~ (a£fl ~ X l)(- T aX a + l)e(l>), 



and 

V? a x a e(z/) = x a+ ix a - x„ - (x^ +1 - x^)(r a x a )e(i/). 

Therefore we have 

x a+ x(p a e(u) + ip a x a e(v) = 0. 

Similarly, we can prove the equality when b = a + 1. 

Let S = T a (p a+ iip a — <Pa+i<Pa,T a +i- Using the second equality, we have 



(T a (f a+1 (f a )x a e(v) 

((p a+1 (p a T a+ i)x a e(v) 
(T a Lp a+ iLp a )x a+ ie(y) 



(y?a+iyVTa+l)^a+ie(z/) 



{T a (p a+1 (p a )x a+2 e(v) 



. 1 )PK)(pK)pK + i)+pK)pK +3 )+pK + i)pK +2 )) %2 ^ a+1 ^) e ( i/ ) ) 

.l)pK)(p(^ +1 )p(-a + 2)+PK)pK +2 )+PK)pK + i)) Xa+2 ^ o+i ^ oTo+i ) e ^) ; 

.l)pK+i)(pK)pK+i)+pK)pK +2 )) To:Ca ^ a+i ^ ae ( z/ ) 

^p(l/ a + l)(p(i/ a + l)p(l/ tl ) + p(l/ a )p(l/ tl + 2)+p(^a + l)p(l / a+2)) 

)iPa+l¥ae{v), 

'l) pK+l)pK+2 Va+i^a(^ +2 r a+ i - e a+ha+2 )e(u) 
4)P(^i)(p(^i)pK + 2)+P(^)pK + 2)+PK)pK + i)) Xa+i ^ +i ^ ra+ie ( y ) 

-(-l) pK+l)pK+2 Va+i^e a+ i, Q+2 e(^), 

.l)PK+2)(p(^)p(-a +1 )+pK + 2)pK)) Toa , a+i ^ a+i ^ ae ^) 
.]_~)P(^a + 2)(p(^a)p(^a + l)+P(^a + 2)p(^a)) 
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((-l)pK+i)pK +2 ) XaTa + e aja+1 )<p a+1 <p a e(u) 

— ^_]_^P(^ + 2)(p(^a)p(Va + l)+p(^a + 2)p(^a)+p(^ + l)p(^a + 2)) XaTa ^ +i ^ e ^j / -J 

+ (_l)pK +2 )(pK)pK + i)+pK +2 )pK))^ a+1 ^ aea+l!a+2e ( i ,) ) 
(^ a+ i^ a r a+ i)x a+2 e(z/) = <p a+1 v a {(-l) p{Va+l)p{Ua+2) x a+1 T a+l + e a+ i, a+2 )e(i/) 

+ ^a+i^ a e a+ i ja+2 e(^). 

Hence we have So;;, = ±x Saa+2 feS' for all b. Using a similar argument given in [10, 
Lemma 4.12] we conclude that S = 0. 

The equalities in (8.12) easily follows from (8.11). □ 

Hence we have 

ag n ---g 1 e{i,P)=g n ---gie{i,l3)(t)^\i n {a)) for any a G R((3) and, 
x n+ i9n ■ ■ ■ 9ie(i, P) = (-l) p(/3)pW a n ■ ■ ■ 9l e(i, P)x x . 
Using a similar method to the construction of P, we obtain the following proposition: 

Proposition 8.4. There is an (R((3 + «j), k[ij] Cg> R K (f3)) -bilinear homomorphism 
Q:K ^ K[ :=R(P + ai )v(i,P) ® m uf ] R A (P) 

defined by 

ae(/3, i)®b i — > ag n ■ ■ ■ giv(i, 0) (g> vrf (/3) 6 
for a G R(f3 + ccj) and 6 G R A (f3). Here, the right action of ti on K[ is given by 

av(i } (3) ® 7r p(/3) o i—). (-l)P«p(0>aa;iv(i, /?) ® < (/3) <M&)- 

Theorem 8.5. For eac/i i/ G se£ 

A v (ti) = af ft) JJ a; ) JJ (x a -ti) 2 e(i/), 

l<a<n, l<a<n, 

Va^! Va=i£lodd 

and define 

T/ien t/ie composition 

QoP: K x -> #1 
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coincides with the right multiplication by (— l) p W AiP ^A(tj); i.e., 

av{i,p)1p ® 7if* +m b !—)• (au(i,/3) ® 7rf (/3) ^(&))(-l) p(i)AipW A(t i ) 

= au(i,/3)A(t i )®7if w 6. 

Proof. Hie /even, our assertion was proved in [10, Theorem 4.15]. If % £ J dd, then it 
suffices to show that 

a A (xi)ri • ■ ■ r n g n ■ ■ ■ g x e{i, v) = a A (xi)ri ■ • • T n e(u, i)g n ■ ■ ■ g x 

(8-14) 

= A' U mod R(f3 + a i )a A (x 2 )R\f3), 

where 

N v = a A (xi) Qv, a (xi,£a+i) (x a+ i - xi) 2 e(i, z/). 

l<a<n, l<a<n, 

^07^ ^a=«6-fodd 

We will prove (8.14) by induction on = n. If n = 0, the assertion is obvious. 
Thus we may assume that n > 1. 
Note that, by (8.10), we have 



(8.15) r n e(u,i)g r , 



r n e(u, %)r n = Q iiVn {x n , x n+1 )e(u <n , i, v n ) if v n ^ i, 
r n (xl +1 - x 2 n )(x n+1 - x n )e(u,i) if v n = i. 

(i) We first assume that u n ^ i. Then, by (4.8), we have 

a K {xi)Ti - ■ ■ r n g n - ■ ■ g^i, v) 
= a A (xi)ri ■ ■ • r n _! Q i>1/n {x n , x n+1 )g n _i ■ ■ ■ g x e{i, v) 
= a A (xi)ri ■ ■■r n ^ 1 g n _ 1 ■ ■ - ^e(i, v)Qi,v n {xi, %n+i) 
= A^Q^^^n+x) = mod i?(/3 + a i )a A (x 2 ) J R 1 (/3)e(i,/3). 

(ii) Assume that z/ n = 2. Then we have 

a A (xi)n ■ ■ ■ r n g n ■ ■ ■ gie(i, v) 

= a (xi)ti ■ • -T n (x n+1 - x n )(x n+1 -x n )g n _i ■ ■■g 1 e(i,is). 

Note that 

a A (xi)ri • • • r n _i0 n • • • gxe(i, v) = ±g n ■ ■ ■ gia A (x 2 )r 2 ■ ■ ■ r n = 

mod R(P + ai)a A (x 2 )R\f3)e(i, (3). 

By (8.10), the formula (8.17) can be written as 

a A (xi)ri • • ■ r n ^i(T n (x 2 n+l -x 2 n ) - (x n+1 - x n ))(x 2 n+1 - x^gw-i ■ ■ ■ g x e{i, v) = 0. 
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a A (x 1 )r 1 ■ • • T n -iT n (x 2 n+l - x 2 n ) 2 g n -i ■ ■ ■ g x e{i, v) 
= a A (xi)n ■ ■ ■ r n _i(x n+ i - x n )(x 2 n+l - xl)g n ^ ■ - • gie(i, v) 



(-ir^K <ri (x n+1 - Xl )(xi +1 -xi). 



Since the right multiplication by — x\) and (x n +i — x±) on K\ are injective by 

Lemma 8.1, we conclude that 

a A (xi)ri ■ ■ •r„_iT n (a£ +1 - x 2 ^g n ^ x ■ •■g 1 e{i,v) 

which implies 

(-l) p(l/<n) a A (xi)r 1 • • • r re _ir n (x^ +1 - x^)(x n+ i - x n )g- n _i • • • g x e(i, v) 

Then, (8.16), together with AJ, = A' (x n+ i — £i) 2 , implies the desired result. □ 

By applying the same argument given in [10, Lemma 4.19], we have the following 
lemma. 

Corollary 8.6. Set 

K' := R(/3 + Oi)e(P, i)T^ ® m U^R A (f3). 
Then the following diagram commutes 



(-l)PWA jP (/3) A ( t .) 



(_l)P«A iP (/3) A ( t .) 



Here, P' : K[ — > K' is given by 

av(i, (3) ® vrf {/3) 6 i— »• aa A (xi)n • • • r n e(J3, i)T^ ® n Ai b, 
and (-l) p » Alp ( /3 )A(t i ) : K ^ K' Q is given by 



a®b^ (aT Ai <g> vr Al 0f '(&)) (-l) p(i)A * p(/3) A(t 4 ) = (-l^^aA^lf 4 <g> vrf l 6. 
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In particular, for any v G I 13 , we have 

9n--- gia A ( x i) T i ■ ■ ■ T n.e(iy, i) ® e(/3) 

(8.18) = (-l) P miPW a f(x n+1 ) n Qu a ,i(Xa,x n+1 ) EI (x a -x n+1 ) 2 e(v,i)®e(l3) 

l<a<n, l<a<n, 

in R(P + an)e(P, i) ® m R A (f3) . 

Since K\ is a projective R A ((3) ® k[tj]-supermodule by Lemma 8.1 and A(£j) is a 
monic (skew)-polynomial (up to a multiple of an invertible element) in ti, by a similar 
argument to the one in [10, Lemma 4.17, Lemma 4.18], we conclude: 

Theorem 8.7. The module F A is a projective right R A ((3)-supermodule and we have 
a short exact sequence consisting of right projective R A ((3)-supermodules: 

(8.19) -»■ K x A K -> F A 0. 

Since K±, K and F A are the kernels of functors F^, Fi and F A , respectively, we 
have: 

Corollary 8.8. For any i £ I and f3 G Q + , there exists an exact sequence of R((3 + oti) - 
modules 

(8.20) -> I$ i+ vW q (c< i \2A-0)F iM _^ FiM _^ f a m _^ Q) 
which is functorial in M G Mod(i? A (/3)). 

For a G Q + , let Proj(i? A (a)) denote the category of finitely generated projective Z- 
graded i? A (a)-modules, and by Rep(_R A (a)) the category of Z-graded _R A (a)-modules 
coherent over ko. Then we conclude that the functors E A and F A are well-defined on 
aeQ+ Proj( J R A (a)) and aeQ+ Rep(R A (a)): 

Theorem 8.9. Set 

Proj(i? A ) = Proj( J R A (a)), Rep(i? A ) = Re P (#»). 

Then the functors E A andF A are well-defined exact functors on Proj(i? A ) anc?Rep(-R A ), 
and they induce endomorphisms of the Grothendieck groups [Proj(i? A )] and [Rep(i? A )]. 
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Proof. By Theorem 8.7, F A is a finitely generated projective module as a right _R A (/3)- 
supermodule and as a left R A (f3 + aj)-supermodule . Similarly, e(f3,i)R A ((3 + ai) is 
a finitely generated projective module as a left i? A (/3)-supermodule and as a right 
R A ([3 + ttj)-supermodule. Now our assertions follow from these facts immediately. □ 

9. Commutation relations between E a and F a 

The main goal of this section is to show that the superfunctors E A and F A satisfy 
certain commutation relations, from which we obtain a supercategorification of V(A). 

Theorem 9.1. For i ^ j e I, there exists a natural isomorphism 
(9.1) E A F A ~ q-( a i\ a i)i{v{i)p(3) F A E A . 

Proof. By Proposition 5.1, we already know 
(9.2) 

e(n,i)R(n + l)e(n,j) ~ q~ {a ^ R(n)e(n - l,j) ® R(n ^) n p(i)p(j) e(n - l,i)R(n). 
Applying the functor R A (n) • £S>_R( n ) R A (n)e((3) on (9.2), we obtain 

e(n,i)R(n + l)e(P,j) 

e(n,i)R(n)a A (x 1 )R(n + l)e(/3, j) + e(n, i)R(n + l)a A (x 1 )R(n)e((3, j) 

~ g- (Q<l ^ ) J R A (n)e(n - l,j) ® fl A(„-i) n p(i)p(j) e(n - 1, z)i? A (n)e(/3) 
~ g -KI^)n pWp(j ' ) F A Ef J R A (/3). 

Note that 

f a f a r a (b] = ( e(n J t)R(n + l)e(n J j) \ 

1 3 Kl ' \e{n,i)R{n + l)a A {x 1 )R{n + l)e{n,j)J W) ' 



Thus it suffices to show that 

e(n,i)R(n + l)a A {x 1 )R{n + l)e(n,j) 

(9-3) 

= e(n,i)R(n)a {x\)R{n + l)e(n,j) + e(n, i)R(n + l)a (xi)R(n)e(n, j). 
Since, by (7.1), a A (xi)rfc = ±Tjta A (xi) for all k > 2, we have 

n+l 

i?(ri + l)a A {x 1 )R{n + l) = ^R{n + l)a A (xi)r a ■ ■ • r n R(n, 1) 



a=l 

i?(n + l)a A (x 1 ) J R(n, 1) + fl(n + l)a A (x 1 )r 1 • • • T n R{n, 1) 
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n+1 



R(n + l)a A {x 1 )R{n, 1) + ^ R(n, l)r n • • ■ T a a K {x x )Ti ■ • • r n R(n, 1) 



a=l 



R(n + l)a A (xi) J R(n, 1) + R(n, l)a K (xi)R{n + 1) + l)r n • • • ^^(x^n ■ ■ ■ r n R(n, 1] 



For i ^ j, we get 



e(n, i)R(n, l)r n • • • T 1 a A (x 1 )r 1 • • ■ r n R(n, l)e(n, j) = 0, 



and our assertion (9.3) follows. 



□ 



Let us recall the following commutative diagram, a super- version of [10, (5.5)], de- 
rived from Theorem 5.2, Theorem 5.6 and Corollary 8.8: 
(9.4) 





— ^ Ilf + »W q (°«\u-P) F . E . M — ^ U^FiEiM — - U iq - 2 F A E A M 



uf^^q^'^EiFiM EiFiM 



n A Jg K|2A- 2/ 3) k ^ ] M ^ k[u] M 



EfF A M 
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The kernels of these functors provide the following commutative diagram of (R(f3), R A ((3))- 
superbimodules : 
(9.5) 





Li 



kfe]7^ ® Iifi? A (/3) k[U} ® R A (P) 



c 



EtFtR K {P) 



where 



L' = q- 2 R(P)e(P - a h i) ® R ^- ai) IUe(P - a h i)R A {P). 

L[ = q ^ 2A ~V •R(/3)v(i, - a*)!?* ^-at) nf !+p(/3) e(/3 - a u i)R A {P), 

L = e(0, i)R{(3 + Oi)e(P, i) ® m R A (P), 



In = q\ 



( Qi ]2A-/3) 



e(/3, i)R(/3 + Oi)v(i, 0)T Ai ® m Il? +VW R?{P). 



r Ai+p(/3) pA, 



The homomorphisms in the diagram (9.5) can be described as follows (cf. [10, §5.2]): 

• P is given by (8.5). It is (R(/3 + at), k[U] ® i? A (/3))-bilinear. 

• A is defined by chasing the diagram. Note that it is R (ft)- linear but not 
k[tj-linear. 

• B is given by taking the coefficient of r n • ■ ■ T\. It is (R(P), k[tj (g) i?(/3))-linear 
(see the remark below). 

• F is given by a®Tiib i — > ar n ®b for a e R((3)e((3—ai, i) and b G e(/3— a«, i)R A (f3) 
(See Proposition 5.1). 

• C is the cokernel map of F. It is (R(f3), i? A (/3))-bilinear but does not commute 
with t{. 

Remark 9.2. The map B can be described as 

B(x l n+1 ar n ■ ••wfrflTf* ® 4* +m b) = S^lf* ® 7r^(a)6 
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for a G R{0) and b G i? A (/3). Then 

B ([x l n+l ar n ■ ■ ■ r k v(i, (3)T^ ® Trf^fc)^) 

= (4,i(-1) pW(Ai+p(/3)) (4 + i«t„ • --wfrP^ti ® tt A * +p(/3) 0^)) 

= B (4,i(xL, +1 ax n+1 r n ■ ■ • 7*v(i, 0)7^ ® Trf i+p( ^0i(&)) 

= B • ■ ■ r k v{i, ® 7rf* +pW &(&)) 

= MW®^ +1 («)&(&)- 
On the other hand, 



Thus B is right (kfo] ® i?(/3))-linear. 
Define 

T = T Ai ® 7T Al l G k[*i]7^ (8) nf ! J R A (/3), Ti = v{i, (3)T^ ® vr Al+p(/3) l G Li. 
The element T has Z 2 -degree p(i)Aj and Ti has Z 2 -degree p(i)(Aj + p(/3)). Note that 

Tti = t{T and T^j = (-l) p(i)p(/3) ^T 1 . 
Let p be the number of ctj appearing in /3. Define an invertible element 7 G k x by 
(-1)*WA*C0-H. J] Q^fox.) J] (x a -^) 2 

l^af^j l<a<n, 

= T -i t -(hi^>+2(i+ P (i))p + ^ terms of degree < _^. )/? ) +2(l + p(z))p in 

Note that 7 does not depend on z/ G 
Set A = A — (3 and 

(9.7) tp k = A(T1*) Gkfc]®i? A (/3). 

From now on, we investigate the kernel and cokernel of the map A which are the 
key ingredients of the proof of Theorem 9.6 below. For this purpose, the following 
proposition is crucial. 
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Proposition 9.3. The element 7^ is a monic (skew) -polynomial in U of degree 
(hi,X) + k. 

Here and in the sequel, for m < 0, we say that a (skew)-polynomial <p is a monic 
polynomial of degree m if <p = 0. 

To prove Proposition 9.3, we need some preparation. Define a map E: L' — >■ R A ((3) 

by 

(9.8) a ® 'Kib ^ a<pi(b) for a G R((3)e(j3 — on, z) and 6 G e(/3 — CKj, i)R A ((3). 
We define the endomorphism o(x n <8> 1) of Lq by 

(a ® vri6)(x„ <g> 1) = (-l) p(i W„ <g) 7^(6). 

Lemma 9.4. Lei 

L' := #(/3)e(/3 - a i9 z) n<e(y9 - a it i)R A {(3). 

Then for any z G L' Q , we have 

(9.9) F{z)U = F(z(x n <g> 1)) + e(fi, i) <8> E(z). 
Proof. We may assume 2 = a <E> nib. Note that 

= ar„e(/3 - a*, z' 2 ) ® b, = 0^(6). 

Thus 

F(z)ti = ar n e(f3 - a h i 2 )x Tl+ i ® </>;(&) 

= a((-l) p ( ! » Vn + l)e(/3 - a,, z 2 ) ® 0,(6) 

= (-l) p Waa; n r n e(/3 - a i} z 2 ) ® &(&) + ae(/3 - a;, z 2 ) ® &(&) 

= (-l)P«F(ax n ® 7^(6)) + e(/3, z) ® 

= F(2;(a; n ® 1)) + e(/3, z) ® £(z). 

□ 

By Proposition 5.1, we have 

e(/3, i)R(p + « i )e(/3, i) ® m R A (f3) 

(9.10) = F((R(J3)e(P - a h i) ® R{ p- ai) e(J3 - a h i)R K {(3))) 

@e{(3,i){k[t l }®R A {f3)). 
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Using the decomposition (9.10), we may write 

(9.11) P{e{f3,i)r n ---T 1 T 1 t k ) = F(xJ> k ) + e(l3,i)<p k 

for uniquely determined xj) k G L' Q and Lf k e ~k[U} ® R A ((3). On the other hand, we have 

A(Tt*) = AB(e(P,i)r n - ■ ■nTj't) 

= CP(e(J3,i)T n ---T l T l 1*)=<p k . 
Hence the definition of ip k coincides with the definition given in (9.7). Note that 

F(ij k+1 ) + e(J3, i)tp k+1 = P(e(J3, i)r n ■ ■ ■ nT^ 1 ) 

= PW,i)r n ---r 1 T l t k l )t l 

= (F(t/j k ) + e(/3,i)ip k )ti 

= F(ip k (x n <g> 1)) + e{fi, i)E(ip k ) + e(/3, i)<p k U , 

which yields 

(9.12) 1p k+1 = 1pk{Xn ® 1), = E(ip k ) + <p h ti. 

Now we will prove Proposition 9.3. By Corollary 8.6, the equality 
9n ■ ■■gix k l e(i, i/)a A (xi)ri • • -r n 

= (-l) ik+A ^ m x k n+1 af(x n+1 ) J] Q Ua!i (x a ,x n+l ) J] {x a -x n+l ) 2 e{v,i) 

l<a<n, l<a<n, 
Vaj^i V a =i£l odd 

holds in R((3 + oii)e(j3,i) <S>r(/3) R a ((3), which implies 
AB(g n ---g 1 x k e(i,u)T 1 ) 

= c ,^ ( _ 1)(fc+ A 1 )p(W)^ +ia A (Xn+i) Yl Q„ ati (x a ,x n+1 ) J] (x a -x n+1 fe{^i)) 

l<a<n, l<a<n, 

Va^i V a = i£l odd 

= (-iy k+A ^m t * a A {u) "Q QuaAxaA) Y[ (x a -Ufe(v). 

l<a<n, l<a<n, 

Va^i fa=«e/ dd 

On the other hand, since B is the map taking the coefficient of r n ■ ■ ■ r±, we have 
B(g n ---g l x k e(i,u)T l ) 

= B ((-l) k ^x k n+1 J] -(xiS W - x^fe{^i)r n ■ ■ -r lTl ) 
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Va=i 

Thus we have 

(9 ' 13) = (-l) A ^^ t1at(U) J] Q^,i(x a ,ti) J] {x a -Ufe{v) 



l<a<n, l<a<n, 



Set 



s < = E n^ +PW -4 +p(i) )M^) e k[tj ® F A (/3), 

v£lP v a =i 



7(-i) A<p(w)+ v(ii)E( n n ^.-^M 



y£i"/3 l<a<n, l<a<n, 



g k[ti] g> R A ((3). 



Then they are monic (skew)-polynomials in ti of degree 2(1 + p(i))p and (/ij, A) + 2(1 + 
p(i))p, respectively. Note that Sj is contained in the center of k[tj] (g> R A (fl) and Fj 
commutes with tj. Hence (9.13) can be expressed in the following form: 

(9.14) jA(t$SiT) = t^Fj. 
Lemma 9.5. For any fc > 0, we /iaue 

(9.15) *? F< = (7¥> fc )Si + h fc , 

where G k[tj] (g> R A {(3) is a polynomial in ti of degree < 2(1 + p(z))p. in particular, 
•j(pk coincides with the quotient oftfFi by Sj. 

Proof. By (9.12), 

(9.16) A{ati) - A(a)U G kfo] <g> F A (/3) is of degree < in U, 

for any a G k^lf ® n Al F A (/3). We will show 

for any polynomial / in the center of k[£j] £g> R A (/3) in of degree m G Z> 

(9-!7) 

and a G k[^]T A! <g> F A (/3), A(a/) - A(a)/ is of degree < m. 
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We will use induction on m. Since A is rig ht i2 A (/3)-linear, (9.17) holds for m = 0. 
Thus it suffices to show (9.17) when / = t^g. By the induction hypothesis, (9.17) is 
true for g. Then we have 

A(af) - A(a)f = (A(aUg) - A(aU)g) + (A(aU) - A(a)U)g. 

It follows that the first term is of degree < deg(g) in ti and the second term is of degree 
< deg(g) + 1, which proves (9.17). Thus we have 

tfy-^i - (p k Si = tfy-^i - A(tjT)Si = A$S<T) - A(t l fe T)S i 

by (9.14) and it is of degree < 2(1 + p(i))p by applying (9.17) for / = Sj. □ 

Therefore, by Lemma 9.5, we conclude y<pk is a monic (skew)-polynomial in ti of 
degree (hi, A) + k, which completes the proof of Proposition 9.3. 

Theorem 9.6. Let A = A — (3. Then there exist natural isomorphisms of endofunctors 
on Mod(i? A (/3)) given below. 

(i) If (hi, A) > 0, then we have 

(hi,X)-l 

(9.18) KiqfFtEt® ^qf^E A F A . 

(ii) If (hi, A) < 0, then we have 

-{hi,X)-l 

(9.19) ^ 2 F A E A * E A F A © Ilf+^r^. 

fc=0 

Proof. Due to Proposition 9.3 and (9.12), we can apply the arguments in [10, Theorem 
5.2] with a slight modification. Hence we will give only a sketch of proof. 

From the Snake Lemma, we get an exact sequences of i? A (/3)-superbimodules: 

-> KerA -> q^ 2 F A TliE A R A (f3) -> E A F A R A (/3) ->■ CokerA -> 0. 

If a := (/ij, A) > 0, then Proposition 9.3 yields 

o-l 

Ker A = 0, <g> # A (/?) ~ Coker A 

fc=0 

and our first assertion follows. 
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If a: = (hi, A) < 0, then Proposition 9.3 implies CokerA = 0. By (9.12), we can prove 
that there is an isomorphism 

-a-l 

KeiA- k^®i? A (/3), 

fc=0 

which completes the proof. □ 

10. SUPERCATEGORIFICATION 

In this section, applying the results obtained in the previous sections, we will show 
that the quiver Hecke superalgebra R(/3) and its cyclotomic quotient R A ((3) ((3 G Q + ) 
give supercategorifications of U^(g) and V&(A), respectively. 

From now on, we assume (4.15); i.e., k is a field and the kj's are finite-dimensional 
over k . Set 

Proj(i? A ) = Proj(i? A (/3)) and Rep(i? A ) = Rep(i? A (/3)). 

/3eQ+ /3eq+ 

Recall the anti-involution ^: R A (/3) R A (/3) given by (6.3). For N G Mod(R A (/3)), 
let be the right R A ((3) -module obtained from N by the anti-involution ijj of R A (f3). 
By (4.16) and Theorem 6.4, we have the pairing 

[Proj(i2 A )] x [Rep(i? A )] -> A 

given by 

(10.1) ([P], [M]) i y dim k0 (P^ ® h a M) n . 

nez 

Lemma 6.3 implies 

Lemma 10.1. The Grothendieck groups [Proj(i? A )] and [Rep(i? A )] are A-dual to each 
other by this pairing. 

From Theorem 8.9, we can define endomorphisms Ej and Fj, induced by E A and F A , 
on the Grothendieck groups [Proj(i? A )] and [Rep(i? A )] as follows: 

[Proj(i2 A (/3))] ; [Proj(i? A (/3 + «,))] , 
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[Rep{R A {f3))\ : [Rep(i2 A (/3 + <*<))]. 

Then, from the isomorphisms (9.1), (9.18), (9.19) and Theorem 6.4, we obtain the 
following identities in [Proj( J R A (/?))] and [Rep (i? A ) (/?)]: 

EjFj = F,Ej if i ^ j, 

(h it A-P) _ -{hi,A-P) 

nn9 , E,F J = F,E 4 + ^ % I if (^,A-/3) > 0, 

ft - q . 

~{hi,A-p) (hi,A-p) 

EjFj + ^ = FjEj if A - 0) < 0. 

ft - Qi 

Let Kj be an endomorphism on [Proj(i? A (/?))] and [Rep (i? A (/?))] given by 

I/- I _ (hi,A-P) w I _ (hi,A-P) 

^i|[Proj(R A 03))] Qi ) *i|[Rep(ii A (/3))] : ~ <7i 

Then (10.2) can be rewritten as the commutation relation (Q3) in Definition 2.1: 

K - Kr 1 

(10.3) [ Ej ,F,] = ^^ Ij, 



Qi -Qi 



Define the superfunctors E A and 



Mod(i? A (/3)) ; Mod(i? A (/3 + na f )) 

i 

by 

#a(») . ^ ^ (jR a (/?) p( 0flA(/3)0fl{nai) e (/3, i»)JV, 

for M G Mod( J R A (/3)) and iV G Mod( J R A (/3 + nai)). Then they induce the endomor- 
phism E?/[ra]i! and F?/[n]i! by (4.21). 
Note that 

(i) the action of Ej on [Proj(i? A )] and [Rep(i? A )] is locally nilpotent, 
(10.4) (ii) if the module [M] in [Rep (R A (/?))] satisfies E;[M] = for all z G /, 
then /3 = 0. 

By Corollary 7.5, we see that 
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the action F, on [Proj(i? A )] and [Rep(i? A )] are locally nilpotent. 

Therefore, by (10.3) and [19, Proposition B.l], the endomorphisms F, and Ej satisfy 
the quantum Serre relation (Q4) in Definition 2.1. Hence [Proj-R A ] and [Repi? A ] are 
endowed with a U^(o)-modu\e structure. 

Note that [Proj(.R)] := 0^ Q+ [Proj(#(/3))] and [Rep(i?)] := ® m+ [Re V (R(P))} are 
also A-dual to each other. The exact functors Ei\ Rep(i?(/3 + on)) —> Rep(i?(/3)) and 
F[: Rep(i?(/3)) — > Rep(i?(/3 + otj)) defined in (6.1) induce endomorphisms E' { and F- 
on [Rep(i?)], respectively. Hence, (6.5) implies the following commutation relation in 
[Rep(R)}: 

(10.5) EF^q-toMpfi + Sij. 

Similarly, we define 

Proj W)) : F ' ' Proj(R((3 + a,)) , 



by 

F,P := R((3 + Oi)e{P, i) ® m P and E[Q := -^M^±gj Q, 
where = n. Then they are well-defined on Proj(i?), and we obtain an exact sequence 
Sij id *■ E[Fj >■ WfflpWq-tPiMFjE'i ^ 0. 

Thus the exact functors induce the endomorphisms and F^ on [Proj(i2)] and satisfy 
the same equation in (10.5). (See [14, Lemma 5.1], for more details.) 

Let Irr (-R A (/3)) be the set of isomorphism classes of self-dual irreducible R A ((3)- 
modules, and Irr (i? A ) : = |J /36q+ Irr (i? A (/?)). Then {[S] | S G Irr (i? A )} is a strong per- 
fect basis of [Rep(i? A )] by Theorem 6.8. By Proposition 2.10, (10.4 ii) and Lemma 10.1, 
we conclude: 

Theorem 10.2. For A G P + , we have 

(10.6) V A (A) V ^ [Rep(i? A )] and V A (A) ~ [Proj(i2 A )] 



as Ua(q) -modules. 
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The fully faithful exact functor Rep(i? A (/3)) — > Rep(7?(/3)) induces an A-linear ho- 
momorphism [Rep(i? A )] — > [Rep(7?)]. Hence [Rep(7? A )] — > [Rep(i?)] is injective and its 
cokernel is a free A-module. By the duality, the homomorphism [Proj(i?)] — >■ [Proj(7? A )] 
is surjective. 

Denote by B 1 £ w (q) (resp. B^(q)) the A-subalgebra of B q (o) generated by e- and 
(resp. by e^ n /[n]j! and /,) for alii £ 7 and n £ Z >0 . 

As a (fl)-module, U^(g) is the projective limit of V&(A). Hence, Theorem 10.2 
implies the following corollary: 

Corollary 10.3. There exist isomorphisms: 

U^(q) v ~ [Rep (72)] as a '(q) -module, 
UZ(s) - [Proj(Ti)] as a B 1 ^ '(g) -module. 
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